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TABLE A List of scientific terms, concepts and principles used in Unit 3 


Introduced in earlier Units, 


or assumed from general Unit Introduced or developed in Page 
knowledge (GK) this Unit 
acceleration a 2 acceleration due to gravity g 8 
acceleration due to gravity g 2 centre of mass 38 
angular speed w 2 centrifugal force 47 
atom GK centripetal force 47 
axis of rotation 2 combining moments of inertia 45 
centripetal acceleration 2 conservation of energy 17 
component (of a vector) 2,M* conservation of momentum 13 
Cane GK dimensions 6 
constant acceleration dissipation 23 
equations: elastic collision 18 
v=u+at 2 energy E 15 
s= ш + iat? 2 equilibrium 7 
v? — u? 4- 2as 2 force F 6 
cylinder GK friction 23 
density GK gravitational potential 
derivative 2,M energy Ё, а, 26 
displacement vector 2,M Hooke's law 29 
dynamics 2 inelastic collision 18 
flywheel GK inertia 6 
friction GK internal energy (heat) 23 
gradient of a graph 2M isolated system 13 
head-on collision GK joule J 17 
inverse proportionality M kilogram kg 6 
kinematics 2 kilowatt hour kWh TV3 
limiting value 2,M kinetic energy E,;, 15,20 
nucleus of atom GK mass m 6 
parabolic path of projectile 2 moment of inertia J 44 
Pythagoras's theorem M2 momentum p 9 
radian Му newton № 6 
recoil GK Newton's first law 5 
scalar 2M Newton's second law 6 
SI units M2 Newton's third law 7 
speed v — |v| 2 power 32 
stroboscopic picture 2 potential energy E por 26 
symmetry GK reaction force 8 
triangle addition of vectors 2,M rotational kinetic energy E, 42 
unit vector 2м scalar product 22 
vector 2M spring constant k 30 
velocity v 2 strain potential energy E, 29 
summation notation Y 43 
translational kinetic energy 42 
unit vector 47 
watt W 33 
weight mg 8 
work 17 
= 


* M refers to the Mathematics in $271 booklet. 
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Study guide 


If you have done the Science Foundation Course, you will find much familiar material 
in the first five Sections of this Unit. Do not be tempted, however, to skip these 
Sections. Not only isit absolutely basic material that deserves to be thoroughly known, 
but it is treated here with more generality and depth. For example, the vector tech- 
niques that were introduced in Unit 2 are widely used in this Unit, and they permit a 
greater range of problems to be tackled. With regard to depth, the central Sections on 
work and energy may be viewed as a case study of how simple physical concepts, 
which were introduced in the Science Foundation Course, are refined and generalized 
in order to cope with the complexities of the real world. 


If you have come into this Course from the Mathematics Foundation Course, you will 
have different points of difficulty. All the physics ideas may be new, but much of the 
mathematics will be familiar. Аз а result, I hope that you found Unit 2 reasonably easy 
and are able to start this Unit early. The physics that you need to know is developed 
in the Unit in logical fashion, but you will have to learn the precise scientific meanings 
of everyday words like force, work, energy, weight, friction, etc. 


Section 5, on collisions, is in the form of an audiovision sequence. You can follow the 
frames in the text at your own pace while listening to the cassette. This Section is 
important, because physics is knowing how as much as knowing what. As any appren- 
tice will tell you, there are no short cuts to knowing how. Section 5 brings together 
various principles from earlier in the Unit and shows how they work in an important 
application of mechanics. If you are extremely pressed for time and something has to 
be skipped, this Section would, I suppose, be the least indispensable. Even so, it would 
still be useful to you when you come to revise for your exam, since it encapsulates 
many of the most important concepts of earlier Sections. 


The final Sections contain new material, and it may take a little extra time for you to 
become familiar with the ideas. There is a short Home Experiment in Section 7 
involving items from the Home Experiment Kit. 


The television programme TV3 Energy to go round fits into the logical structure of 
this Unit between Sections 7.1 and 7.3. You should read the Television Notes at this 
time. To get the most out of this programme when you watch it, you should have 
studied Sections 3 and 4 and be familiar with the concepts of kinetic and potential 
energy and energy conservation. I also recommend you to have studied Section 7 to 
the end of Section 7.1 and performed the Home Experiment. In addition, you might 
like to refresh your memory about the meaning of angular speed and centripetal 
acceleration. 


Good luck with this Unit. I suspect that some of you can’t wait to get to things like the 
physics of stars. But there is a good reason for starting the Course with mechanics. 
Maybe I’m overdoing the metaphor if I say that you can’t see the view till you've 
climbed the mountain. I hope a lot of you will enjoy climbing the mountain, too. 


Introduction to dynamics 


In the previous Unit, we established ways of describing the motion of bodies. We 
found precise meanings for instantaneous velocity and acceleration among other 
terms, and we found general relationships between these quantities. However, we did 
not say much about how accelerations arise. In this Unit, we introduce the idea of 
force, and give an account of the way forces give rise to motion, or, more properly, 
changes in motion. In order to give a full account of how bodies interact through 
forces, we shall introduce the important concepts of momentum and kinetic energy. 
The foundation stones on which we shall build this science of dynamics are Newton’s 
three laws of motion, and it is with these that we begin the Unit. It is impossible to 
overstate the importance of these laws: they are a great landmark in the development 
of our modern view of the world. 


You may wonder as you sit more or less motionless in your chair, noting that almost 
everything you lay your eyes on is apparently at rest, why so much emphasis is laid on 
motion at the outset of this Course. This question touches on a very old debate. 
Aristotle*, in a piece of ancient sarcasm, disapprovingly refers to the opinion of 


* Physica VIII 253°, translated by Hardie and Graye, ed. W. D. Ross. 


Heraclitus, who lived around 500 BC, in these terms: *... moreover, the view is 
actually held by some that not merely some things but all things in the world are in 
motion and always in motion, though we cannot apprehend the fact by sense- 
perception’. Aristotle could also be hard on those, who for reasons we would accept as 
very plausible, believed the world to be made of atoms. In any case, old Heraclitus 
has been vindicated, as have the ancient atomists Leucippus and Democritus. At 
the microscopic level, all matter is alive with motion. 


As you will see in Units 13-15, our ideas of motion and dynamics eventually have to 
be modified when we come to apply them to atoms— mechanics becomes ‘quantum 
mechanics’. But the concepts we develop in this Unit will still be useful when, later in 
this Course, we explain why substances boil and melt, why magnetic fields can con- 
fine plasmas, and why many other phenomena take place. Deeply embedded in our 
explanations will be the dynamics of interacting and colliding bodies. You will see that 
the principles that explain why you tend to go through the windscreen of your car 
when you brake suddenly are equally important in the explanation of the structures 
of galaxies and of the nuclei of atoms. 


Newton's laws of motion and the 
definition of force 


In the days when wheels were less common than they are today and lubrication was 
less efficient, it seemed natural to believe that any object required continual pushing 
in order that it keep moving. Indeed, this was a fundamental law of ancient physics, 
and it was for this reason that men widely supposed that the planets required angels to 
keep them in motion in their orbits. It took a long time before it was realized that this 
point of view only arose because we live in a world that is so much dominated by 
friction.* The basic laws of mechanics could only be identified when people learned to 
consider the behaviour of bodies that were not under the influence of friction. 


Sir Isaac Newton (1642-1727) (Figure 1) found that just three fundamental laws were 
required in order to give an explanation of the complicated behaviour of interacting 
bodies, whether planets, billiard balls, or atoms. These have become known as 
Newton's laws of motion, although the first at least was known to Galileo (Figure 2). 
Together, these laws are to be seen as a radical departure from ancient Aristotelian 
mechanics. 


Newton's first law: Any body remains in a state of rest or uniform motion (i.e. 
constant velocity, zero acceleration) when no unbalanced force acts upon it. 


If this law seems obvious to you, it is because the concept of force and its relation to 
acceleration is already familiar. Before Newton's time, the first law certainly was not 
obvious, as I have already mentioned. 


This first law is only saying that accelerations are caused by ‘something’ and that 
'something' is given the name force. A simple observation of whether an object is 
accelerating or not is therefore sufficient to tell you whether an unbalanced force is 
actingon that object. Asan example, think ofa puck moving across a perfectly smooth 
horizontal sheet of ice. It travels at a uniform velocity; Newton's first law says that 
there is no acceleration because there is no force in the horizontal direction. Suppose, 
though, that the ice is not perfectly smooth. The puck will then slow down. The first 
law says that this accelerationt must be caused by a force, and, in this example, the 
force arises from friction between the puck and the ice. 


Itisimportant to remember that it is the unbalanced force, the total force on an object, 
that is referred to in the first law. If an object is not accelerating, then you must not 
conclude that there are no forces acting on it; that would be a misinterpretation of 
the law. For example, when a car travels at constant velocity, the driving force of the 
engine is opposed by forces due to friction and air resistance. The absence of accelera- 
tion means that these forces must balance each other out, and certainly does not mean 
that the individual forces are zero. 


* Friction will be discussed later in this Unit. For the present, just think of it as something that 
tends to stop motion. 


+ Remember, ‘acceleration’ is used in the technical sense implying any change in velocity. 
What we might informally call ‘deceleration’ or ‘slowing down’ is an acceleration in the 
direction opposite to the velocity. 
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Figure 1 Sir Isaac Newton (1642-1727). 
More than any other individual, Newton 
set modern physics on its course. He 
demonstrated the use of mathematics in 
physics with his explanation of planetary 
motion. It was during this work that he 
invented calculus. 


Figure2 Galileo Galilei (1564-1642). 
Newton's work depended heavily on the 
great conceptual strides made by his 
predecessors, of whom Galileo was the 
greatest. It is easy to forget how far even 
Newton's starting point is from 
pre-scientific understanding. 


When a puck is at rest on a sheet of ice, it needs a force to start it moving; then it 
will not stop until another force is applied to it in the opposite direction. This re- 
sistance to any change of motion is called inertia. If you compared the force required 
in getting a single puck moving across the ice with that required by two pucks joined 
together, you would find that the double puck was harder to get moving and harder to 
stop, or, in other words, the double puck has a greater inertia than a single puck. 
Alternatively, if you applied the same force to a single puck and then to a double puck, 
as shown in Figure 3, you would find that the acceleration of the single puck was twice 
that of the double puck, i.e. 


acceleration of single puck 2 


acceleration of double puck 1 


It would make no difference if you could somehow squeeze the double puck down to 
the same size as the single puck—its acceleration would still be smaller. 


The property of an object that gives rise to its inertia is called its mass. This property 
of mass can be made quantitative by comparing the accelerations of two objects when 
acted on by identical forces (Figure 4). Suppose that in such an experiment, object 1 
has an acceleration of magnitude a,, and object 2 has an acceleration of magnitude a;. 
Then the masses т, and m; of the objects are related by m;a} = m;a; or 


т а; 

=== а) 

т а, 
However, this equation only defines the ratio of two masses. In order to put actual 
numbers to the mass of any object, we require a standard of mass, and in the SI system 
of units the standard is the kilogram.* 


To explain the many interesting processes that occur in nature, we must have a precise 
way ofaccountingfor the changes that occur in the motion of bodies. The basic quantity 
that measures such changes in motion is acceleration. We have just seen that mass 
determines the resistance of a body to attempts to change its state of rest or motion. 
What, then, is the relationship between the acceleration of a body, its mass and the 
force that causes the acceleration? The answer is given by Newton's second law, 
which defines force quantitatively. 


Newton's second law: In order to make a body of mass m undergo an acceleration 
а, a force is required that is equal to the product of mass and acceleration, 


F — ma (2) 


Equation 2 allows us to determine the dimensionst and units of force: 
dimensions of force — dimensions of (mass x acceleration) 
ie. LF] = [ma] = [m] x [a] = [M] x 1772] 
So [F] = [MLT 7] (3) 


From these dimensions, it is clear that the SI unit of force must be kg ms 2. This unit 
is given the name newton, and is conventionally represented by the symbol N. Thus 


1 newton (1 N) = 1 kgms^? (4) 


When you use equation 2, if the mass is expressed in kg and the acceleration in m s^ ?, 
then the force will automatically be in newtons. A simple example of the use of the 
second law for motion along a straight line is shown in Figure 5. 


It is important to understand that force is a vector, since any force has a direction 
associated with it. But, in equation 2, m is a scalar (i.e. it has no direction associated 
with it), and so the product ma is a vector of magnitude ma in the direction of a. 
Newton's second law therefore states that force is a vector in the same direction as the 
acceleration a, and has magnitude ma. For this reason, a force is not fully specified as 
so many newtons, since the direction must also be given. 


In equation 2, I clearly distinguished between vector quantities (force and accelera- 
tion) and scalar quantities (mass) by using bold symbols for vectors. It is important 


* The kilogram happens to be, of course, an everyday measure of weight. The difference 
between mass and weight will be explained shortly. 


t If you are unsure about determining the dimensions of a physical quantity, then refer to the 
discussion in the Mathematics in $271 booklet. 


Figure3 А spring compressed to a 
certain length exerts the same force on a 
single puck and on a double puck. The 
acceleration of the single puck is twice 
the acceleration of the double puck. 


a, 
—— 


Figure 4 To compare the masses of two 
objects, we push them both with the same 
force (provided by a spring whose 
compression is kept constant) and 
measure their accelerations. We define 


mass of] acceleration of 2 
mass of2 acceleration of 1 
force 
dimension 
newton N 
Е = 500N a-ims? 


Figure 5 Ifa man pushes a car of mass 
500 kg with a force of magnitude 500 N, 
it accelerates at 1 m s^ 2. He could, with 
the same force, (and ignoring differences 
in lubrication, etc.) make a larger car, 

mass 2 000 kg, accelerate at 0.25 m s^ ?. 


that you should maintain this distinction whenever you write down symbols and 
equations. Since it is difficult to write bold symbols, you should use a curly line to 
denote the quantities that are vectors, for example F= ma. If you wish to denote the 
magnitude of the force or acceleration, then you should write the symbols without the 
curly line underneath. 


Just as with any other vector equation, we can express equation 2 in terms of com- 
ponents: 


Е. = та 
Е = та is equivalent to4 F, = ma 
Е, = та, 


These component equations are frequently useful for solving problems. 


One of the characteristic properties of vectors that you met in Unit 2 is the way they 
add by means ofthe triangle rule to give a resultant. This applies to velocity, accelera- 
tion and also to force. It follows that if you wish to use equation 2 to calculate the 
acceleration of a body, you must first determine the vector sum of the forces acting. 
Two examples of vector summation of forces are shown in Figure 6. In Figure 6a, a 
spring exerts a force of 10 newtons in the easterly direction on a body and another 
spring exerts a force of 10 newtons in a westerly direction, and there are no other forces. 
The total force is zero, and, from Newton's second law, the acceleration must also be 
zero. In Figure 6b, there is an example of the more general case where the forces do not 
both act along the same straight line. 


SAQ1 А vehicle of mass 3000kg is travelling north at 30ms~‘. What 
uniform force would bring it to rest in 10 seconds? 


SAQ 2 А rocket-powered hovercraft has a mass of 10000kg. One rocket 
engine provides a force of 300 newtons due west, and another provides a force 
of 400 newtons due north. What will be the acceleration of this object, and 
how far will it go in 5 seconds, assuming it starts from rest? 


Now that force has been defined, the way is open to introduce the third of Newton's 
laws. Consider the following situation. I am sitting in my chair, and I know that 
gravity is exerting a force on me, yet I remain at rest. How can this be? The clue is that 
the force that enters into the first and second laws is the total force. If I am stationary 
in my chair in spite of gravity, there must be some other force balancing my weight, so 
that the total force, the vector sum of all the forces, is zero. Otherwise, without doubt, 
I would accelerate downwards. 


The study of forces that add up to zero—forces that are in equilibrium as we say—is 
called statics, and this is a major topic of Unit 4. Nevertheless, this example not only 
alerts us to the fact that we must take the vectorial sum of all forces acting on a body 
but also prepares us for Newton's third law. This law is sometimes stated, with more 
pith than precision, as ‘action and reaction are equal and opposite’. In order to express 
this more precisely, I’m going to introduce a notation that will be particularly useful 
later on when complicated situations are encountered. 


Consider two bodies, which we label body ‘one’ and body ‘two’. We denote the force 
exerted on body 1 by body 2as F, , and likewise the force exerted on body 2 by body 1 
as F ,,. We read these as ‘eff one two’ and ‘eff two one’ respectively. There's nothing 
deep about this notation— like all notation, it is a convention that if adhered to keeps 
us from confusion. Just remember, our convention is that the first subscript labels the 
body acted upon and the second subscript labels the body exerting the force. Using this 
new notation, we have: 


Newton's third law: When two bodies interact with each other, the force exerted 
on body 1 by body 2, Е, ,, is equal and opposite to the force exerted on body 2 by 
body 1, F;,. We may write this 


Е, = -Е,,* or F,,+ F,,=0 (5) 


* Recall that — А is a vector of equal magnitude but opposite direction to vector A. 
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Figure6 (a) Two springs exert forces 
F, and F, on an object B. These forces 
have the same magnitudes (10 N), but act 
in opposite directions. Their vector sum 
is therefore zero. (b) Two forces, F, and 
F,, act on a body. F, is 3 N to the east 
and F, is 4 N to the north. Applying the 
triangle rule, the total force has 
magnitude 5 N (by Pythagoras) and is 
directed at 0 = tan ^! (4/3) = 53.13°. 
The acceleration must be in the same 
direction. 


equilibrium 


Newton's third law 


1.1 


Figure 7 illustrates an application of the third law. 


As another example, consider why I can be stationary in my chair, although, as you 
know, gravity exerts a downwards force on me. I will denote this ‘gravitational’ force as 
F,. Since I am at rest, there must be a force exerted upon me by the chair, Ем (as 
shown in Figure 8a). Since my acceleration is zero, the second law implies that these 
forces add to zero, that is 


Fy + F,-0 ог F,--F, 


The third law now relates the force exerted on the chair by те, F,» to that exerted 
upon me by the chair, F „e (Figure 8b): 


Fmc = SRo 


From these two equations, it is evident that F.,, = F,. In other words, the force I 
exert on the chair when I am at rest in it is equal to the force exerted on me by gravity. 
(Things are more complicated if I put my feet on the floor, of course.) Note that the 
third law relates the forces acting on two different bodies, namely the force on the 
chair F «m and the force on me F me- It doesn't directly relate the two forces acting on me, 
F, and F,,—we had to use the second law to relate those forces. 


Gravity, a familiar force 


There is hardly any force more familiar to us in an everyday sense than this force of 
gravity we have been considering. However, its properties are really far from obvious, 
and it will be useful to us later if we say something more precise about it now. 


As you saw in Unit 2, if you throw a projectile or drop an object, it accelerates down- 
wards at 9.8 m ѕ ?. This acceleration due to gravity, represented by the symbol g, is 
the same for all objects at a given place: it does not depend on the mass of the object.* A 
small coin will fall with the same acceleration as a large steel girder (except for the 
effects of air resistance). 


What is the ratio of the gravitational forces on a coin with mass mc and a girder 
with mass mg, both of which are at the same place on the Earth's surface? 


The answer is mc/mg. This can be deduced from Newton’s second law: F = 
ma. Since the acceleration due to gravity is the same for all objects at any given 
place, the force on an object due to gravity must be proportional to the mass of 
the object, that is F oc m. 


It is now possible to give a precise definition of weight. Weight is the force with which 
an object is attracted toward the Eartht by gravity. Since force is a vector, it follows 
that weight is strictly speaking also a vector. The magnitude ofa weight is measured in 
newtons. Thus, for a 10kg object, weight = mg = 10kg х 9.8ms~? downwards 
— 98 N downwards. The fact that weight is proportional to mass is the basis of 
various simple devices, such as balances and so on, for measuring the mass of a body. 
This is also the justification for the everyday use of the unit of mass as a measure of 
weight. Remember, although your weight would be different on the Earth and on the 
Moon, your mass—representing the amount of matter in your body— would be the 
same. 


SAQ3 А helicopter has a mass of 10* kg. (a) What is the weight of the heli- 
copter? (b) What force must the rotor of the helicopter provide in order to 
enable the helicopter to hover at constant height? 


SAQ4 What force must a rocket motor provide in order to make a 10000 kg 
rocket move upwards with an acceleration of 20ms 2? Before the rocket is 
ignited, what is the upward force of the launching pad on the rocket? 


As you study later Units, you will find that almost the whole of this Course involves 
applications of Newton's three laws in one way or another. 


* Тат neglecting the effect of air resistance, which makes a feather fall far more slowly than a 
stone. We will come back to this in Unit 4. 


t Your weight on the Moon, say, is the force with which you are attracted to the Moon. This 
has about one sixth the magnitude of your weight on Earth. 


Figure 7 Bodies | and 2 interact with 
each other. If body 1 exerts a force F;, 
on body 2, then body 2 must exert a 
force F,, on body 1. The two forces аге 
of equal magnitude but they act in 
opposite directions. 


Figure8 (а) As І sit at equilibrium in a 
chair, the force F, exerted on me by 
gravity is balanced by the force F me 
exerted on me by the chair. (b) The third 
law asserts that the force Е, „ exerted on 
the chair by me is equal and opposite to 
the force Fme exerted on me by the chair. 
Together these figures show that the 
force F..,, exerted on the chair by me is 
just the force gravity exerts on me. 


weight 


2 


21 


Momentum 


Although Newton's laws allow us to solve any problem involving motion and forces, 
we are very often faced with problems where we don't know the forces. When two 
billiard balls collide, for example, they are in contact for a very short time during which 
the forces between them are rapidly varying. To calculate the acceleration at each 
instant of time we would have to know exactly how these forces vary with time—and 
that is not an easy matter. There is a way out, however, using a new concept called 
momentum, which we will introduce in the next Section. We will show that Newton's 
laws imply that momentum is conserved, i.e. the total momentum of billiard balls 
before and after they collide is the same. This simple fact will enable us to say much— 
in some cases everything—about the way the balls move after they collide. 


Momentum and Newton's second law 


It is apparent that a locomotive travelling at 60 m s~ ' ‘takes more stopping’ than a 
similar locomotive travelling at 30 m s^ !. Likewise, a large locomotive travelling at 
60 m s^! ‘takes more stopping than a small locomotive travelling at that speed. A 
particular property of a moving body that depends on both the mass and velocity of 
the body (and that we loosely spoke of in terms of ‘taking more stopping’) was called 
by Newton the ‘quantity of motion’ of the body, and is now called momentum. 


The momentum p of a body of mass m that is moving with velocity v is defined as: 


momentum 


mass x velocity 


р = mv 


Now remember that mass is just a scalar, and so momentum is а vector іп the same 
direction as the velocity vector, and its magnitude is equal to the product of mass and 
speed. Just as the velocity vector v can be expressed in terms of components in the x 
and y directions, as shown in Figure 9, so can the momentum vector p. 


y^ yo 


p cos 6 


(a) (b) 


Since momentum is a vector, we can handle situations that are not restricted to mo- 
tion in a single line. This is important, because bodies moving in different directions 
often collide and can, and often do, change directions. Remember, a change in direc- 
tion represents a change in momentum, even if the magnitude of the momentum is 
fixed. The following SAQs involve momentum as a vector. 


SAQS A body of mass 5kg is moving north-east at 20 ms !. (a) What is its 
momentum? (b) What are the components of momentum in the northerly 
direction and in the easterly direction? (c) What are the corresponding com- 
ponents if the body is moving with the same speed in the north-west direction? 


SAQ6 A body of mass 3kg initially moves in the negative x direction at 
1т18 |. It is then acted on by a force in the positive y direction for just long 
enough for it to achieve a component of momentum of 4 kg ms ! in the posi- 
tive y direction. What are the magnitude and direction of the resulting total 
momentum? (Draw a diagram!) 


As I have suggested, the usefulness of momentum in collision problems lies in the fact 
that it is conserved. To explain why momentum is conserved, we will use Newton's 
second law. However, this law must first be expressed in terms of momentum, and to 
do this, we will consider the motion ofan accelerating object of mass m. For simplicity, 
we need only concern ourselves with the motiun in one direction, say the positive x 
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momentum 


Figure 9 (a) The velocity v of an object 
has magnitude v and direction 0 to the 
x-axis. The x component of velocity is 

v, = v cos 0, and the y component is 

v, — vsin 0. (b) The momentum p of the 
object is the same direction as v and has 
components р, = p cos 6 = mv cos 0, 
and p, = p sin 0 = mv sin 0. 


direction. The component of v along that direction, v,, might behave in time in the 
way shown in Figure 10a. The x subscript here refers to the direction of the velocity 
component. 


What, in general terms, can be said about the acceleration at points A, B, C, D 
and E on the velocity component versus time graph in Figure 10a? 


The acceleration at any time is just the gradient of the velocity-time graph. 
Thus at A and C the x component of acceleration, a,, is zero—since the slope of 
the graph is zero at these points. The acceleration will be positive at B (positive 
slope ofthe v, versus t graph) and negative at D and E. A negative acceleration 
means that the velocity in the positive x direction is decreasing. In fact, between 
D and E the direction of motion reverses, and at E the object is travelling in the 
negative x direction. 


Using the derivative notation that was introduced in Unit 2, we can say that 


d 
a= — — gradient of the v, versus t graph. 


Figure 10b shows the x component of momentum for the object whose velocity 
component is shown in Figure 10a. The shape of the two graphs is similar, but the 
vertical scaling differs because 


p, = mv, = constant х р, 


The gradient of Figure 10b at any time tells us the rate at which the x component of 
momentum is changing, that is 


d 
gradient of p, versus t graph — E — rate of change of p, 


dp. (то) Фф 


But m —., since m is constant, that is 
dt dt d 
dp, 
—— = та 7 
ч х (7) 


So the gradient of the momentum versus time graph is equal to the product of mass 
and acceleration. But Newton's second law tells us that this product of mass and 
acceleration is equal to the force acting on the object, and so we can conclude that 


_ dp, 


F= = 
x = ma, di 


(8) 
Expressed in words this equation says that the x component of force is equal to the 
rate of change of the x component of momentum. 


But in the real world, a body can move in three dimensions. Exactly similar equations 
can be found in the same way for the y and z components of force and momentum: 


F,=— 9 

2297 ©) 
dp. 

=== 10 

eem (10) 


Now the three force components F, F, and Е, can be represented by a single vector F, 
and the three rate of change of momentum components can be represented by the 
single term dp/dt.* So the three equations 8, 9, 10, can be combined into the vector 
equation 


d 
рс 


TB о) 


the force acting on a body is equalto the rate of change of momentum ofthat body. 


* Just as the rate of change of position vector s is the combination of the rates of change of 
components sx, Sy, Sz, so the rate of change of momentum pis the combination of the rates of 
change of components px, Py, P+- Expressed mathematically, ds/dt is a combination of ds,/dt, 
ds,/dt and ds./dt (i.e. v is a combination of v,, v, and v,), and dp/dt is a combination of dp,/dt, 
dp,/dt and dp./dt. 
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2 radient = Зр, z9 
= dt 


Figure 10 (a) The velocity component v, 
along the x axis for a body starting from 
rest at time zero. (b) The momentum 
component p, for the same motion as 
shown in (a). Since p, = mv,, the 
gradient of the p, curve is just m times 
the gradient of the v, curve. 


~y 


2.2 


It is important to note that in deriving this result we have implicitly assumed that the 
mass is constant. For some physical situations, such as a rocket burning fuel, it may 
not be valid to assume that the mass is constant. In such cases, equation 7 does not 
hold, and equation 11 is not equivalent to equation 2. 


We therefore have two forms of Newton's second law, F — ma and F — dp/dt, which 
are equivalent when the mass is constant. Can it be said that one form is more funda- 
mental than the other? The answer is that equation 11 is always true, that is, force is 
always equal to the rate of change of momentum. The form we had before—force — 
mass x acceleration—is true if the mass is fixed. In all applications of Newton's 
second law in this Unit, we shall assume that masses do not vary, so that both forms of the 
law can be applied. 


SAQ7 A space vehicle fires its rocket engine, which exerts a constant force 
of 10? №, for 10s. (а) What is the change in momentum of the space vehicle 
ifits mass is 300kg? (b) What would the change in momentum have been if 
the mass were 3000kg? (с) Would the change in momentum be different 
if the space vehicle was already moving when the force began to act? 


Conservation of momentum 


With the new expression for Newton's second law, we have the means of demon- 
strating a very important law—the law of conservation of momentum. The following 
example shows how the conservation of momentum arises. I want you to notice in 
particular how Newton's second and third laws are used in the solution ofthis problem. 


Two children face each other on roller skates. The mass of the first is 20 kg and of 
the second is 25 kg, and they are initially stationary. They push against each other 
with a force of 40 newtons for half a second and move apart. What is the sub- 
sequent momentum of each child, and what is their total momentum? 


To solve this problem, we set up axes to define the direction of the motion. Let us say 
that the force on the 20 kg child (call him Tim) is in the positive x direction so that he 
accelerates along the x axis, as shown in Figure 11. Now, from Newton's third law, the 
force on the second child (Tom) must be 40 N directed along the negative x axis, and 
so Tom accelerates along the negative x axis. 


To calculate Tim's final momentum, we note that Е, is a constant (4-40 №) over the 
time (At — 0.5 s)for which it acts. A constant force produces a constant rate of change 


Tim (20 kg) 


4 z (up) 
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Figure 11 Two boys on skates push 


against each other. The force on Tim has 
components F, = 40 N, F, = 0, F, = 0. 


He must therefore move off in the 
positive x direction. 
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of momentum. The change of momentum is then the rate of change of momentum 
(which is equal to the force) multiplied by the time for which the force acts. Thus 


change of momentum = rate of change of momentum x At 
Ap, = dp,/dt x At = F,At = 40N x 0.55 = 20 кетт! 
Thus Tim gains momentum of 20 kg m s`! іп the positive x direction. 


But for Tom, F, = —40N (by the third law), and so Ap,(Tom) = —20kgms-!. 
Since both children start from rest, their final momenta are the same as their respective 
changes in momenta, and these are equal and opposite: 


р(Тїт) = —p,(Tom) = 20 kg m s^ !. 


Now p, and р, for both children have been zero throughout. We can therefore write a 
vector equation relating the momenta of Tim and Tom: 


p(Tim) = —p(Tom). 


We can rearrange this to get an expression for the total momentum vector of the two 
children: 


p(total) = p(Tim) + p(Tom) = 0. 


Since the children were at rest to start with, their total final momentum, zero, equals 
the total initial momentum, or, in other words, the total momentum has been conserved. 
Note that the conservation of the total momentum of the roller skaters arises directly 
from Newton’s second and third laws. The force on Tim and the force on Tom are 
equal and opposite (third law), and so the rates of change of their momenta must also 
be equal and opposite (second law). Thus any change in Tim's momentum is com- 
pensated for by an opposite change in Tom's momentum. 


When bodies interact, they do not generally do it with convenient constant forces like 
those in the previous example. However, the argument we have just presented can be 
made quite general using our simple ideas of derivatives and the properties of vectors. 
Consider two billiard balls colliding. The forces between the two balls change 
continuously during the short time the balls are in contact. Nevertheless, the third 
law applies, so that at any instant of time the force on the first ball due to the second,* 
callit F,,,and the force on the second ball due to the first, F,,,are equal and opposite, 
te: 


Fi. = —F,, ог Fi, + F,,=0 (eq. 5) 


Now from the new form of the second law (equation 11), we know that the force on 
ball 1, F,,, is equal to the rate of change of momentum of ball 1, dp, /dt, and similarly 
for ball 2. Thus 


d 
КЫ Ре ead кус (12) 


(I am assuming that F,, and F;, are the only forces acting on the balls, and will 
return to this assumption later.) If we insert these expressions in equation 5, this then 
becomes: 

dp, dp; dp, dp, 


di d ip T 


Thus the rate of change of momentum of the first ball is always equal and opposite to 
the rate of change of momentum of the second ball. This is true at every instant of time. 
Now, the rate of change of the total momentum of the two balls, p, + P2. is just} 
d(p, + d d 
(р; + P2) dp, TE CIAR (14) 
dt dr dt 
Equation 14 simply says that at every instant of time the total momentum is not 
varying. Thus p, + p, is constant throughout the collision, although p, and р, are 


* То label the force exerted by one particular body on another unambiguously, we use the 
same subscript notation as was used to write the third law in Section 1. The first subscript 
denotes the body that the force acts on, and the second denotes the body exerting the force. 


f If the calculus behind this is unfamiliar, do not worry. It just says that the rate at which the 
total momentum (p, + pə) changes is the sum of the rate at which p; changes and the rate at 
which p, changes. 


12 


each continuously varying. So, by using Newton's laws, we have shown that momentum 
is conserved throughout the collision. The total momentum of the two balls after they 
collide is equal to the total momentum before the collision, no matter how the forces 
change during the collision. 


Now I made an important assumption when proving that the momentum of the two 
colliding balls was conserved. The assumption was that the only forces acting on the 
balls were F,, and F,,. It is implicit in this assumption that there were no other 
unbalanced forces acting on the balls due to interactions with other objects, or, in 
other words, that the two balls were an isolated system. If the two balls had not been 
isolated from their surroundings, so that additional forces acted on the balls besides 
F,, апа F,,, then equation 12 would not be true, and the total momentum of the two 
balls would not have been conserved. = 


Conservation of momentum is not limited to two particles. When a great many bodies 
interact together (such as molecules in a liquid), the mutual interactions of any pair of 
bodies obey the third law. This is true whatever other forces may be acting on the pair 
of particles. Now if the particles form an isolated system—if they interact only with 
each other and not with any objects outside the system—then for each force there is an 
opposing reaction force, and so the total force is zero. This means that the rate of 
change of the total momentum of all the particles is zero. This is a famous law of 
physics—the law of conservation of momentum. 


The total momentum of any isolated system is constant in time. 


This is true for any number of particles. This can be a lot—the isolated system might 
be a star in space. The electrons and other atomic constituents of the star, vast in 
number, are continually interchanging momenta with each other, but if the star is 
truly isolated,* the total momentum is fixed. 


For a more mundane example of the conservation of momentum, we can return to 
Tim and Tom. 


In Figure 12a, Tom (25 kg) is sitting in a light trolley of mass 5 kg. The trolley is 
travelling at 3 m s^ *. Tim (20 kg) steps vertically down onto the trolley while it is 
moving (Figure 12b). What will be the new speed of the trolley? 


The isolated system in this problem consists of the trolley and the two children. If it 
occurs to you that it is not really isolated, due to gravity and the consequent vertical 
reaction (third law!) of the ground, that is so. Nevertheless these vertical forces cancel 
each other out. We are just considering horizontal motion and we only have to 
assume that rolling friction (in the wheels) and air resistance are negligible in order 
for the system to be isolated. Applying the law of conservation of momentum, we can 
say 


initial momentum of Tim, Tom and trolley 
— final momentum of Tim, Tom and trolley 


We will assume that the motion is in the x direction, and that the velocity of the boys 
and trolley after Tim steps on is v,. 


So, 


(20 kg x0Oms !))-u«Q5kgx3ms ))-(5kgx3ms !) 
= (20 kg + 25 kg + 5 kg)v, 


1 1 


ог 90kgms ! = (50 kg)v,, and so v, = 1.8 m s~ 


Thus the final velocity is 1.8 m s^! in the direction that the trolley was travelling 


initially. You will not be surprised to find that the trolley slowed down as the total 
mass on it increased. The use of momentum conservation has allowed us to solve 
easily a problem that would have been very hard to solve in terms of the horizontal 
forces (arising, perhaps, from friction between the second child's shoes and the trolley) 
that actually slowed the trolley down. 


* [f you insist on a literal minded interpretation of ‘isolated’, you might like to think of where 
in the Universe isolation might truly prevail. There is no such place. Isolation is, of course, an 
abstraction ofa kind that is often necessary in physics. The important thing is to be aware that 
an idealization is being made so that more exact calculations can be made where it is necessary 
to do so. 
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isolated system 


law of conservation of momentum 


Figure 12 What is the new speed after 
Tim steps down onto the passing trolley? 
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The law of conservation of momentum is very important for solving problems con- 
cerning the velocities of bodies that have collided. But is it sufficient? Consider the 
following example summarized in Figure 13. 


before 2kg 2kg 
O = 
(a)- (в) x direction 
= at rest 
4ms ^! 
after 


2kg 
Figure 13 A head-on collision between 
(в) => two balls with equal masses. Сап v,, and 
I» Ug, be determined using the law of 
UA x UBx conservation of momentum? 


Ball A, which has mass 2 kg and is moving at 4 m s^ !, strikes head on ball B, which 
also has mass 2 kg, but which is initially at rest. What are the velocities of the balls 
as they bounce apart after they collide? 


Since the collision is head on, we need only consider motion in one direction, and we 
will call this the x direction. In addition, we will call the x components ofthe velocities 
of balls A and B after the collision UA, and vg, respectively.* Applying the law of con- 
servation of momentum to this collision, we can say 


total momentum before collision — total momentum after collision 


Thus 


(2kg x4ms^!")4 (2kg x 0ms !)—-Qkg x v) + (2kg x Dpx) 


or 8kgms ! = 2kg (v. + оь.) 
or 4ms -=o F Dp 
Now if we were told v4., then we could calculate vg,, and vice versa, but we cannot 


determine two unknown velocities from one equation. We need another equation to 
solve this problem. 


You may be wondering, in view of what we have just said, how it was possible to solve 
the problem ofthe two children on the trolley by using only momentum conservation. 
Well, we didn't use onl ymomentum conservation. In that case we did add an extra fact, 
namely, that the second child travelled along at the same speed as the trolley after he 
stepped on. There was only one new velocity to determine in that problem. 


The additional equation needed to solve the two ball collision problem involves a 
new quantity that specifies motion. We shall introduce this new quantity, the kinetic 
energy, in the next Section. As you will see, consideration of this new quantity will 
help us to solve problems like the two ball collision. 


SAQS A rifle of mass 3 kg fires a bullet of mass 10g at a muzzle velocity of 
600 m 51. What would be the recoil velocity of the rifle if it were not stopped 
by a man's shoulder? 


The following question involves the idea of an isolated system. 


SAQ 9 When a ball bounces from a wall, its momentum changes, and so it 
appears that its momentum is not conserved. Explain why this is not an excep- 
tion to the law of momentum conservation. 


* The first subscript here labels the ball and the second labels the component. In such simple 
situations, a simpler notation might have sufficed, but complicated notations are needed for 


more complex situations, so it is as well to get accustomed to them when the physics is 
relatively straightforward. 
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3.1 


3.2 


3.2.1 


Energy and motion 


Introduction 


This Section is the first of two devoted to a discussion of energy, or more exactly, of 
certain forms of energy. I begin with a discussion of the energy a body has by virtue 
of its motion, kinetic energy. In the next Section, I introduce potential energy, the 
energy a body has because of its position or shape. I discuss these two forms of energy 
in detail since they both relate naturally to dynamics, the main topic of this Unit. Of 
course, in nature, energy appears in many other forms, but I have not attempted herea 
comprehensive treatment of all these. Nevertheless, I have made some reference to 
forms other than kinetic and potential energy. Two in particular are needed for the 
discussion in this Unit. The first is internal energy, often colloquially referred to as heat 
energy, the form of energy in which, often against our will, the other forms end up. The 
second is chemical energy, the form in which energy is often stored before being put to 
use. When I push something and make it move, I am using my muscles to convert 
chemical energy into kinetic energy. Batteries, combustion engines, and so on all 
operate by converting chemical energy to energy of other forms. 


I introduce the mathematical definitions of kinetic and potential energy in a way that 
is intended to make it clear that they are in no way arbitrary. They must satisfy the 
requirement that the various forms of energy so defined can be converted into each 
other in such a way that the total amount of energy is constant. This is the law of 
conservation of energy, one of the most important laws of physics. Kinetic energy itself 
issubject to a much less strictly obeyed law—there are particular circumstances where 
kinetic energy is conserved. This will be very useful when I come to discuss the way 
bodies behave when they collide, and it will allow us to solve the collision problem 
posed at the end of the previous section. 


When a force acts so as to make something move, energy is transferred. When I push a 
car and it starts moving, energy is transferred from me to the car. Much of the 
discussion that follows will be centred around energy transfer of this kind. However, 
I have also introduced the equivalent notion of work. It would be possible to dispense 
with ‘work’ as a concept, but I have maintained the use of ‘work done’ in parallel with 
'energy transferred' because the treatment in many physics books is in terms of work. 
This will help you relate what is done here to what you may read elsewhere. 


Kinetic energy, the energy of motion 


Of the many forms in which energy can appear, perhaps the most straightforward 
with which to begin is the energy a body has when it is moving; this is known as its 
kinetic energy. In more formal language, 


the kinetic energy ofa body is the energy that the body has by virtue of its motion. | 


If a body is at rest, it obviously has no ‘energy by virtue of motion’. If we push it and it 
moves then it has kinetic energy. In order to arrive at a mathematical expression for 
the kinetic energy, we shall look once more at the action of a force on a body. 


Kinetic energy transferred by a constant force 


When a force causes a body to accelerate, it is clear that energy is transferred to the 
body. Naturally, we expect that a greater ‘amount of pushing’ will result in a greater 
increase in kinetic energy. I shall now develop an exact mathematical definition of 
‘amount of pushing’ such that it does indeed represent the increase in kinetic energy. 


First, consider the particular case where the force, the initial velocity of the body and 
the displacement are all along one line. It is convenient to call this the x direction, so 
the force, velocity and displacement are all represented by their x components F,, 
s, and v, respectively. Remember if F,, for example, is negative, it means that the 
force is in the negative x direction.* I will also make the assumption that the body is 


* You may wonder, since we have restricted the problem to one dimension, why we bother to 
call the force F, and not just F. This is to save confusion later when we consider a force F in 
any direction. Then F is the magnitude of F and must be positive, whereas the component F, 
could be negative. 


energy 


kinetic energy 
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Sx 
not subject to friction. It will be convenient as the discussion develops to have a 
particular body in mind, so I shall consider a constant force F, acting on an idealized 
(frictionless) pram of mass m, and study the change in motion that takes place as the 
pram travels a distance s, (Figure 14). Since the pram is frictionless, the applied force 
Е 15 the total force*, so we can calculate the acceleration a, using the second law. It 
is just 
ax = /т 
The known kinematic quantities are now a, and s,. The value of v, at the instant the 
force just begins to act will be written u,—it is just the initial velocity component. 
There is a relationship given in Unit 2 (equation 8) relating the final velocity v, of 
the body after it has moved through displacement s,, with constant acceleration ay, 
to the initial velocity u,. For these components, the equation is 
02 = и? + 2a,s, 
Now, since a, = Ё„/т, we have 
v2 = и? + 2F,s,/m 

Multiplying all terms in this equation by 3m and then rearranging, we get 

im =: imul zem ]2 (15) 


This is a very important equation. The left hand side corresponds to the change of 
4m x (velocity component)? that occurs as the pram moves along the displacement 
Sx. This change is independent of the value of the initial velocity и, and is determined 
by the product F,s,. Thus a large force and a small displacement can change the 
quantity m x (velocity component)? as much as a small force and a large displace- 
ment, so long as the product F,s, is the same. 


Using the delta (A) notation to represent a change of a quantity, we can write the last 
equation as 


A(im x (velocity component)?) = F,s, 
ог AGmv2) = F,s, (16) 


where we are now using v, to represent the velocity component at any time. Remember 
that we assumed that there was no friction when deriving this result. 


Now attempt the following ITQ by using equations 15 and 16. 
ITQ1 (а) ASkg frictionless pram stands at rest. If I now push it with a force 
of 40 N over a distance of 1 metre, what is its final speed? 


(b) Ifthe same force is applied over the same distance to a 10 kg pram, what 
would be the final speed of this more massive pram? 


(c) The same force is applied to a 5 kg pram, which is already travelling at 
2 m s` '. The force of 40 N is applied over 1 m in the direction of motion. What 
is the final speed? 


(d) What is AGmv2) in each case? 
In each of the cases in ITQ 1, the change in mv? was the same, since the product F,s, 
of force and displacement was the same. The quantity Im? is the kinetic energy and 


we denote it by E,,,. It is the energy the body has by virtue of its motion. For the 
present case of frictionless motion, the product Е, s, represents the amount of kinetic 


* There will be a vertical force due to the weight of the pram, and a corresponding reaction 
from the ground, which together add to zero. We assume the pram is on a level surface. 
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Figure 14 A constant force Ё, is applied 
to a pram of mass т. As the pram travels 
through displacement s, its velocity in the 
direction of motion changes from u, to 
v,. Although F,, ux, v, and s, are all 
shown pointing the same way, they could, 
of course, be in the negative x direction, 
in which case they would have negative 
numerical values. Note Since all the 
vectors are in the x direction, we can 
safely label them with their x components 
as we've done here. 


3.2.2 


3.2.3 


energy transferred to the object by the force Е, as the object moves through a distance 
Sx, and this product is a measure of the ‘amount of pushing’. 


The definition 3mv? for kinetic energy satisfies some of the obvious criteria for it to 
represent the energy of motion. Clearly, for a body at rest, Epin = 0, as it must. More- 
over the kinetic energy doesn't depend on whether v, is positive or negative, і.е. it 
doesn't depend on which direction the body is moving along the x axis. In fact Eķinisa 
scalar quantity* completely independent of direction. This scalar character is a 
necessary property of kinetic energy since it is a property of all the other kinds of 
energy we shall meet. Internal energy (heat), for example, doesn’t have a direction 
associated with it. 


The final and most important justification for identifying 4mv? as the kinetic energy 
rests with experiment. There are many other forms of energy besides kinetic energy, 
and whenever one form ofenergy is converted into another form, it is always found that 
the total amount of energy is fixed. This is the famous law of conservation of energy, 
which you will have met already if you did the Science Foundation Course. If kinetic 
energy is defined by the equation E,;, = 4mv, then changes of kinetic energy are 
found to balance exactly with changes in the amounts of other kinds ofenergy, so that 
the total amount of energy is always constant, or in other words, energy is always 
conserved. 


This interconversion between the different forms of energy occurs continuously and 
may not always be apparent. For example, if a lump of putty is thrown at a wall and it 
sticks, kinetic energy has disappeared. Careful measurement would show that it has 
mostly become internal energy in the putty—the temperature of the putty will have 
increased slightly. Ifthetotalkineticenergy ofthetwo billiard balls wereto be measured 
before and after a collision between them, it would always turn out that some was lost. 
This should be no surprise, because such a collision can be heard, and sound is a form 
of energy. Eventually this sound energy would become internal energy as it was 
absorbed by the surroundings. In fact, our ears are extraordinarily sensitive to sound 
energy, and most of the lost kinetic energy would appear in the balls as internal 
energy. The balls would become slightly warmer. But the important point is that the 
total energy of the world after the collision would be the same as before the collision. 
The energy would be in different forms and in different bodies, but the total amount 
would be unchanged. 


Itis because ofthe fact that the total amount of energy is always conserved that energy 
is such a useful concept. In any process, however complicated, in which energy is 
transferred from one object to another and converted from one form to another, it is 
always found that the total amount of energy is constant. This law of conservation of 
energy can be regarded as one of the cornerstones of physics. 


The unit of energy, the joule 


Since different kinds of energy can be converted into each other, they must all have the 
same unit. Since AE,;, = F,s,, the SI unit of energy must be the newton metre, i.e. the 
unit of force multiplied by the unit of distance. However, energy is so important that 
this unit is given its own name, the joule. 


1 joule (1 J) = 1 N m = 1 kg m? s~? (17) 


The dimensions of energy are [ML?T 2], аз you can verify by considering the dimen- 
sions of either Fs or of 4mv?. 


SAQ 10 What is the kinetic energy of a beetle of mass 1g moving at 2cm 
s^ !? What is the kinetic energy of a 1 000 kg car travelling at 50 kilometres per 
hour? 


Energy transfer and work 


There is a useful term that is often used in physics as an alternative to the phrase 
'energy transferred". It is work, which we denote by W. Work is naturally measured in 
joules, the unit of energy. In Section 3.2.1, I found that I transfer F «5, joules of energy 
to the pram when I push it with constant force F, over displacement s,. I could altern- 
atively say that I did W joules of work on the pram, where W is given by 


WiclchHes. (18) 


* This will be put beyond doubt when I generalize to motion not confined to the x axis. 
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3.2.4 


Youshould realizethat the physicist's definition of work departs a little from the every- 
day one according to which you would probably think you are doing work simply by 
holding up a heavy suitcase. However, as long as it is held at constant height, no work 
is done, since the displacement in the direction of your upward force is zero, i.e. 
W = Fs, = Osinces, = 0. Here the x direction is chosen to be vertical, the direction 
of the force supporting the suitcase. You feel you are doing work, in the everyday 
sense of the word, because chemical energy must be expended as heat in order to keep 
the muscles in a state of tension. But this does not mean that energy is transferred to 
(i.e. work done on) the suitcase. However, if the suitcase is moved vertically, then 
work is done on it. 


Kinetic energy conservation; a worked example 


Generally, when bodies collide, some or even all of the kinetic energy is lost, re- 
appearing usually as heat or light or sound energy. We referred above to the evidence 
of your ears in the case of billiard balls. This loss of kinetic energy is actually a 
universal property of collisions between complex bodies, whether planets, billiard 
balls or dust particles. However collisions do sometimes take place between atoms or 
atomic nuclei in which absolutely no kinetic energy is lost. Such collisions are called 
elastic. Collisions in which kinetic energy is lost are called inelastic collisions. 
It might seem from this that elastic collisions are somewhat remote from the physics 
of everyday objects, but this is not entirely so. The properties of gases and liquids are 
largely determined by the manner in which the atoms or molecules are continuously 
undergoing collisions with each other and these collisions are generally elastic. 
Moreover although it is true that collisions between billiard balls are inelastic, it is not 
always a bad approximation to assume they collide elastically. They have been 
manufactured so that not too much kinetic energy is lost as they collide. 


I shall now return to the collision problem that was introduced at the end of Section 
2.2, but which was insoluble at that stage using just the law of conservation of 
momentum. The problem was as follows: 


Ball A, which has mass 2 kg and is moving at 4 m s^ !, strikes head on ball B, 
which also has mass 2 kg, but which is initially at rest. What are the velocities of 
the balls as they bounce apart after they collide? Figure 15 summarizes this 


problem. 
before 2kg 2kg 

Q : 

==» at rest 

4157! 

after 
CF . 
— = 
UA UB 


If we assume that the collision is elastic, then the total amount of kinetic energy is 
conserved. This fact allows us to write down an equation expressing kinetic energy 
conservation, and this equation can be used, together with the equation expressing 
momentum conservation, to solve the problem. 


As you saw in Section 2.2, conservation of momentum means that 
total momentum before collision = total momentum after collision, that is, 
(2kg x 4ms_') + (2kg x Oms !) = (2kg x v4) + (2Кр x vg) 
or 8kgms ! —2kg (v4 + vg) 
or 0л 7g =4ms ! (19) 


where v4 and vg are respectively the velocity components of bodies A and B along the 
initial direction.* We now require an equation that expresses conservation of kinetic 
energy in this elastic collision. 


* We have simplified the notation used in Section 2. In cases where we know that motion is 
confined to a single line, say the x axis, there is no ambiguity if we drop the second subscript 
and write v4 + vg in equation 19 instead of v4, + ов. However, if more general motion in the 
х-у plane were considered, then the second subscript would have to be reinstated. 
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elastic and inelastic collisions 


Figure 15 А head-on elastic collision 
between two balls. The velocities о, and 
vg can be determined by applying the 
laws of momentum conservation and 
energy conservation. 


ITQ 2 Write down an equation, in terms of v, and vg, that expresses the 
conservation of kinetic energy in this collision. 


So momentum conservation tells us that 
va +в =4ms ! (eq. 19) 
and kinetic energy conservation tells us that 
01r 02 = 16 m? s~? (20) 


These two equations must be solved simultaneously to determine v4 and vg, the 
velocities of the two balls after the collision. To do this, we first square both sides of 
equation 19: 
(vA + vg)? = 02 + vå + 2v, vg = l6m?s ? 

Comparing this equation with equation 20, it is clear that if both equations are true, 
then2v4vg = O, and this in turn means that either vy, = Oor vg = 0. Then equation 19 
tells us that 

ifv, = 0, thenvg = 4ms'^!, 

or if vg = 0, thenv, Ав, 

The second of these solutions describes the motion before the collision: ball A moving 
at4ms ‘and B at rest. Obviously it cannot describe the motion after the collision, 
since, if true, it would imply that A had passed through ball B and left B unmoved. So 
the required solution is v4 = 0,and vg = 4 т 5 !. After the collision, the incident ball 
is at rest and the other ball has velocity v = 4 m s~ !. This means that the two balls 
have exactly interchanged velocities in the collision! 


This interchange of velocities in a head-on elastic collision of a moving object with a 
stationary object is a result that is generally true. It does not depend on the value of 
the initial speed of the incident object, or on the value of the masses, as long as they are 
equal. You can prove this for yourself by doing SAQ 11. 


When two equal mass marbles collide head on, the incident marble more or less 
comes to rest. This is because collisions between marbles are approximately elastic. 
The result also seems to hold quite well with two identical coins colliding head on on a 
sufficiently smooth surface. Try it using two 10р pieces on a table top. 


SAQ 11 A body travelling with arbitrary velocity collides head on with a 
stationary body of equal mass. (They are on a frictionless surface.) The colli- 
sion is elastic. Show that the bodies exactly interchange velocities. (Since the 
motion is all in the same direction, you can simplify the notation by omitting 
the subscript x.) 


Energy transferred by a force at an arbitrary angle to 
the displacement 


The energy transferred by a force F to an object that moves through a displacement s 
must depend on the relative directions of the force and displacement, i.e. the angle 
between vectors F and s. You can see this by considering two simple situations, 
namely the force and displacement acting in the same direction, and acting in opposite 
directions. Suppose the motion is along the x axis. If the force and displacement are in 
the same direction, then either F, and s, are both positive, or they are both negative. 
This means that AE,;, = F,s, must be positive, and kinetic energy increases, as in 
ITQ 1. Conversely, if I exert a force on a moving object in the opposite direction to its 
motion, as shown in Figure 16, then it will obviously slow down and AE,;, will be 
negative. This is consistent with the formula AE,;,, = F,s,, since if the displacement 
s, that the object undergoes as it slows down is positive, then F, must be negative, as 
in Figure 16. 
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Figure 16 A force that slows the pram 


down must be in the opposite direction 
to the displacement undergone by the 


pram as it slows. Thus if s, is positive (as 
shown), F, must be numerically negative. 
A decrease in kinetic energy implies that 


the product F,s, is negative (i.e. < 0). 
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The formula АЁ, = F,s, applies regardless of whether s, and F, are positive or 
negative, but if the force and displacement are in opposite directions, it represents a 
reduction of the kinetic energy of the pram. As I slow the pram with a force F,, the 
pram will in turn exert a force on me, which, by Newton's third law, is just — F,. 
Since F,s, is negative, — F,s, is a positive quantity. In terms of the work concept, 
the pram is doing work on me as it slows down. You may often find kinetic energy 
defined as the capacity of an object to do work by virtue of its motion.* 


So far we have dealt only with motion along a straight line. Is there another situation 
where the energy transferred by a force is easy to evaluate? Consider the case where F 
and s are perpendicular to each other. Imagine a puck moving without friction across 
a smooth, level, frozen pond. There are two equal and opposite forces acting on the 
puck, its weight and the upward reaction of the ice. Since the puck moves with 
constant kinetic energy, it is obvious that the two forces together are not transferring 
energy to it. In fact, neither force transfers energy to the puck. There is no reason to 
suppose that one force is transferring kinetic energy to the puck at the rate that the 
other is transferring it away. It is indeed always the case that if a force is perpendicular 
to the displacement, then the energy transferred is zero. 


There are now three special situations for which you can easily calculate the energy 
transferred by а force. These are the cases ofthe force being in the same direction as the 
displacement, in the opposite direction to the displacement, and perpendicular to the 
displacement. It turns out that there is one equation that not only expresses these 
special cases, but also enables you to calculate the energy transferred by any constant 
force F acting through an arbitrary displacement s (Figure 17). It is 


АЁ = Fs cos 0 (21) 


where @ is the angle between F and s, and F and s are the magnitudes, which are 
always positive, of F and s. 


ITQ3 Showthatequation 21 works for the three special cases just mentioned. 
That is, consider the angle 0 in Figure 17 to be 0°, 90°, or 180°. 


Later, I shall show you how equation 21 arises, but first ГІЇ show you what it means 
and how to use it. The kinetic energy can no longer be written tmv? since motion is not 
confined to the x axis. The full definition of kinetic energy is given by the important 
equation 

p i (22) 


In terms of the components v, and v, of a body moving in the x-y plane, this formula 
can be written 


2 
Ey, = m? + 02) = іт, 


since Pythagoras's theorem tells us that v? + v? = v?. If v, = 0, then E, = 3mv? as 
before. 


The change in kinetic energy can always be calculated by multiplying together the 
magnitudes of the force and displacement vectors and the cosine of the angle between 
these vectors. However, there are two other ways of interpreting this product that 
sometimes make solving problems a little easier and also give some insight into what 
it means. These are illustrated in Figure 18, and are: 


(a) АЕ = F х (s cos 0). This means that the magnitude of the force is multiplied 
by the component of the displacement in the direction of the force. For the puck on 
the ice, the component of the displacement in the direction of the gravitational force 
was Zero, and so the change of kinetic energy was zero. 


(b) AE,;, — s x (F cos 0). This means the magnitude of the displacement is multi- 
plied by the component of the force in the direction of the displacement. For the puck 
on the ice, the component of the gravitational force (or of the reaction force) in the 
direction of the displacement (across the pond) is zero, and again this implies that 
there is no change of kinetic energy. 


All that is necessary to solve energy transfer problems is to identify the magnitudes F 
and s of the force and overall displacement vectors and the angle between these two 
vectors. However, there are occasions when the statement of the problem effectively 


* As I stop the pram, its kinetic energy will not generally turn up as useful energy. There are 
situations, however, when kinetic energy can be converted to useful forms of energy. For 
example the high velocity water in a hydroelectric power station ‘does work’ on the turbo- 
generators as they absorb its kinetic energy and convert it to electrical energy. 
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energy transferred = Fs cos Ө 


Figure 17 If the angle between F and s 
is 0, then the energy transferred is 
Fs cos Ө. 


kinetic energy 


(a) 0 F 


(b) 


Figure 18 The product, Fs cos 0, of the 
magnitudes of two vectors and the cosine 
of the included angle may be looked 
upon as either (a) magnitude F multiplied 
by the component of s in the F direction 
(i.e. s cos 0) or (b) s multiplied by the 
component of F in the s direction 

(i.e. F cos 0). 
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tells you directly the values of s cos д or F cos 0, so that one or other of the inter- 
pretations (a) or (b) makes the problem easier. The following ITQ is important as it 
shows how equation 21 is applied. 


ITQ4 Askier of mass 60 kg travels down the ramp of a ski-jump as shown in 
Figure 19. She travels vértically 100 m while she travels 200 m horizontally. 
Sketch on Figure 19 her overall displacement vector at the end of the ramp, and 
also the vector showing the force due to gravity (i.e. her weight). How much 
energy has been transferred to her by gravity at the instant she reaches the end 
of the ramp? (Assume her motion on the ramp of the ski-jump is frictionless.) 
If she starts from rest, what will her speed be as she comes to the end of the 
ski-jump ramp? 


| 


100m Б Figure 19 А skier travels vertically 

- 100 m on the ramp of a ski-jump while 

travelling 200 m horizontally. Her 

3 overall displacement vector at the end 

| -— e has vertical component of length 100 m 
and horizontal component of length 

200m | 200 т. 


+ 


It follows from this ITQ that in the absence of friction, the change in the kinetic energy 
of an object moving under the influence of gravity depends only on the vertical height 
through which the object moves. The vertical height is, of course, just the component of 
the displacement in the direction of the force. 


You will recognize that the same principle applies when considering the increase in 
kinetic energy of a bomb when it drops from an aeroplane. As it leaves the aeroplane, 
the bomb has the same horizontal velocity as the aeroplane. Just as a shell fired 
horizontally from a cliff travels along a parabola (as discussed in Unit 2), so does the 
bomb. However, the increase in kinetic energy is equal to the weight times the vertical 
distance dropped, i.e. the gravitational force times the component of the displacement 
in the direction of the force. Note that even though the bomb and the skier travel along 
curved paths, it is the displacement s—or rather its component s cos @ in the direction 
of the gravitational force—that determines the change in kinetic energy. 


The following ITQ tests your ability to use the formula for energy transferred and at 
the same time prepares the ground for the introduction of a new form of energy in 
Section 4. 


ITQS A cannon fires a shell of mass 20 kg at an angle of 30° to the horizontal. 
As you know from the Unit 2, the shell will move on a parabolic path. 


How much energy is transferred to the shell by gravity (a) between the firing 
and the instant the shell reaches a height h on the way up, (b) between the firing 
and the instant the shell reaches a height h on the way down, and (c) between 
the firing and the instant the shell reaches the ground again (which we take to 
be at the same height as the gun). 


3.3.1 The origin of AE,;, = Fs cos 0 


You have seen the equation A(E,;,) = Fs cos 0 in action, and it probably seems 
plausible. I shall now show you how it can be justified using Newton’s laws. 


Study comment If you are short of time, I recommend that you skip the boxed 
derivation in this Section and go straight to SAQs 12 and 13. Knowledge of the 
derivation will not be required for the continuous assessment or the exam. 


SAQ 12 Calculate how much kinetic energy a skier, of mass 100 kg, gains 
in travelling 1 km without friction down a uniform slope at 30? to the horizon- 
tal. Does this gain in energy depend on his initial speed? Explain what energy 
change results from the reaction force of the snow. (He does not push with his 
ski sticks.) 


SAQ 13 A plane travelling at 250 т! releases a 100kg bomb, which falls 
to the ground through a height of 1 000 m. What is the shape of the path that 
the bomb follows? What kinetic energy does it gain as it falls to the ground? 
What is the total kinetic energy as it strikes the ground? (In this problem, 
ignore the effects due to air resistance.) 
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3.4 


The argument concerns an object, of mass m, moving in two dimen- 
sions, the x—y plane. (It could be generalized to three dimensions, 
but two dimensions suffices to show what is involved.) We follow 
the body as it accelerates with constant acceleration a from initial 
velocity u to final velocity v moving through a displacement s, as 
shown in Figure 20. The vectors v, a and s could be at any angles to 
one another. The acceleration a arises from a constant applied force, 
F — ma. 


path travelled 


\ 
\ 
| 
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Figure 20 А body with initial velocity и undergoes a constant ac- 
celeration a so that after it has travelled through displacement s it 
has new velocity v. The dashed line indicates the path travelled, and 
for the case shown would be exemplified by an object released from 
an aeroplane travelling at velocity u and subject only to a down- 
ward acceleration a — g (i.e. not subject to air resistance). As you 
know from Unit 2, the path followed by such an object is a parabola. 


First, consider the x component of the kinematic vectors, і.е. 
displacement, initial and final velocities and acceleration. These 
components are written s,, ux, 0x, and ay. The constant acceleration 
equation 8 of Unit 2 can be applied to these components: 


v? = и? + 2a,s, 
We multiply both sides by 4m getting 
imo? = 4mu2 + ma,s, 
But ma, = F, by Newton’s second law; therefore 
Amv2 = imul + F,s, Q3) 


So far, this is just what we had before. But this time, we also have 
components of the velocity and displacement in the y direction. 
Motion in the y direction is quite independent of motion in the x 
direction, so we can immediately write 


Scalar product: an important new notation 


imo = mu} + F,s, 
We can add equations 23 and 24 together to get 
àm(v? + 02) = im(ul + иў) + Fs, + F,s, 


But vz + v; = v?, where v is the magnitude of the velocity v, and 
similarly и? = uz + иў, so this equation is just 


(25) 


But A(E,;,) = 3mv? — 4mu?, and it therefore follows that A(E,;,) = 
Fs, + F,s,. Thus the change in kinetic energy induced by a 
constant force is the sum of two parts, the x component of F times 
the x component of s, and the y component of F times the y com- 
ponent of s. If I can show now that F,s, + F,s, is the same as Fs 
cos 0, I will have demonstrated the desired expression for A(E,;,). 


| 


> 
x 


Figure 21 Force F is at angle « to the x axis, and displacement s is 
at angle f to the x axis. The angle 0 between s and F is f — a. 


In Figure 21, you will see a force F at an angle g to the x axis and a 
displacement s at an angle f to the x axis. The angle between s and F 
is 0 = В — a. Now, F, = F cosa, F, = F sina, s, = s cos f, and 
y = s sin f. Putting these all together, we have 
Fs, + F,s, = (Е cos a) (s cos В) + (F sin о) (s sin £) 
= Fs(cos a cos В + sin х sin В). 


I now introduce a trigonometric formula (you don't have to learn it!) 
which is true for any angles a, В: 


cos (В — ж) = cosa cos f + sin « sin f. 
So, Fs, + F,s, = Fs cos (В — a) = Fs cos 0. 


It therefore follows that when a body, moving without friction, is 
acted on by a force F, kinetic energy given by 


A(E,i,) = Fs cos 0 


is transferred to it as it moves through displacement s. 


There is a widely used notation for the product Fs cos 0. It is printed F * s and is 


called the scalar product of vectors F and s. The scalar product is also called the dot 


scalar product 


product for obvious reasons. Of course, when writing a scalar product, you should 
use the curly line notation to denote the vectors, for example Е · s. 


In S271, the scalar product Fs is used as a shorthand for Fs cos 0, but I would like to 
say that the scalar product is more important than just a shorthand. It can be used to 
make a lot of complicated algebra involving vectors simpler, partly because it enables 
the relationships between vectors to be handled without having to specify the angles 
between vectors explicitly. It is used throughout mathematics and physics. 


The scalar product is a particular way of multiplying two vectors to give a scalar. 
Any two vectors a and b, such as those shown in Figure 22, have a scalar product а. b. 


The fundamental definition is 
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the scalar product of vectors a and b, which are at angle 0 to each other, is 


a:b = ab cos 8 


As with F - s you can interpret a * b as ‘а times the component b cos 0 of b in the direc- a 
tion of a’, or ‘b times the component a cos 0 of a in the direction of b’. (2 


ІТО 6 (a) What is a · b if a and b are at right angles? (Express the answer іп 
term of magnitudes a and b.) (b) What is a * b if a and b are in exactly opposite 
directions? (c) What is а ·а, i.e. the scalar product of a vector with itself? 
(d) Can you identify (p - p)/2m, where p is momentum, as a familar physical b IE 
concept you have seen in this section? (e) Evaluate the energy transferred, 
Е - s, when an object is accelerated by a force F, magnitude 20 N, through a 


Е : : Fi 22-5 0 t dbh 
displacement s, magnitude 2m. The angle between F and s is 30°. ie MO eae ids 


scalar product that depends on a, Ь and 
cec = — the cosine of the angle between them. 
3.5 Energy dissipation and friction Here are two cases where the angle is 


Е : : = == respectively much less than and much 
Up to this point, I have assumed that everyday objects can move without friction. Of greater than a right angle. As an example, 


course, this isn’t realistic. A car or a pram needs to be continuously pushed if it is to if a has magnitude 4, b has magnitude 2 
move steadily. The act of pushing has been interpreted as a transfer of energy to the and 0 = 20°, then 

pram, and so continuous pushing would seem to imply a continuous transfer of 
energy—but to where? I shall first say something about those processes that dissipate 
kinetic energy into other forms of energy, and then specify how energy transfer is 
calculated in the presence of such processes. 


a-b=4 x 2 x cos 20° 
= 8 х 0.940 = 7.52 


3.5.1 Friction associated with motion: energy dissipation dissipation 


To find examples of systems in motion that are completely free of kinetic energy 
dissipation, we have to turn to such things as electrons in hydrogen atoms—a world 
far removed from macroscopic objects, such as ships or skiers. This is the world of 
quantum phenomena, which will be introduced in Unit 13. In the everyday world, 
moving objects tend to slow down. When I push a real pram and let go, two things 
happen, one quite obvious and the other a little less so. The obvious thing is that the 
pram slows down and stops (assuming it is on a level surface, so it gets no continuous 
push from gravity). The less obvious thing is that the bearings in the wheels warm up 
a little, and even the surrounding air is stirred and warms a little. 


The first observation, that the pram slows down, shows that it is losing kinetic energy: 

the second shows us where the energy goes. The kinetic energy of the pram is a highly 
ordered form of energy since all the parts of the pram have the same velocity—the 
velocity of the pram. But nature prefers disorder. If your child pushes a toy duck along 

the bath, the ripples in the water will be very obvious. The duck would eventually 

stop, and at the same time the bath water would become covered in ripples as the 
waves from the duck rebounded back and forth between the sides of the bath. The : 
ordered uniform motion of the duck would be replaced by a chaotic ripple motion, 

until this in turn died out and the water surface became quite smooth. What has 
happened to the energy that was given initially to the duck and that was then trans- 
ferred to the water ? The answer is that most of the energy is still contained in the water: 

the individual water molecules will, on average, have a slightly higher kinetic energy 

than before the duck was pushed. We cannot observe this increased molecular kinetic 
energy directly, but you will see in Unit 11 that the average molecular kinetic energy 
determines the temperature of an object. This molecular kinetic energy is known as 
internal energy, and is often referred to as ‘heat’. For the present, the important point is internal energy (heat) 
that frictional forces lead to the conversion of ordered kinetic energy (of the duck, for 
example) into disordered molecular kinetic energy, or internal energy, and this leads 

to an increase in temperature. 


Something similar happens less visibly as the pram moves. It stirs up the air into 
motion. Since air has mass, the moving air has kinetic energy, so the kinetic energy of 
the pram will decrease unless energy is supplied continuously. The pram is thus sub- 
ject to air friction—or air resistance— which will be experienced as a force tending to 
slow the pram down. This air resistance increases rapidly with the pram's speed, since 
the faster the pram travels, the faster it makes the air move and also the greater the 
mass of air moved in a given time. As the motion of the air molecules eventually 
becomes random, their average kinetic energy increases, i.e., the internal energy of the 
air increases—it becomes warmer. 


At low speeds, air resistance will usually be small, and friction in the bearings will be 
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the dominant factor resisting the pram's motion. This friction, which can be minimized 
by lubrication, is different in detailto air resistance and depends on speed in a different 
way. Two solids in contact actually have a static frictional force opposing motion even 
at zero speed. Without this kind of friction you could not park your car on a hill, or 
even walk. However, the important subject of static friction is really the province of 
statics and cannot be gone into here. Nevertheless, when solids in contact move 
relative to each other, the basic process by which ordered motion is transformed to 
disordered motion, leading to an increase in the internal energy, or heat energy, is just 
the same as for motion through fluids. 


SAQ 14 In simple terms involving energy transfer say what you think might 
account for the following. (a) It’s easier to push your hand through the water 
ifit is held edge on to the direction of motion than ifitis held faceon. (b) Satel- 
lites in low orbits eventually fall to Earth, while those in high orbits can stay in 
orbit more or less indefinitely. (c) A satellite, or for that matter a piece of 
cosmic dust, can glow quite spectacularly when it enters the Earth's atmos- 
sphere. 


SAQ 15 During the 1973 energy crisis, petroleum products became much 
more expensive. Explain the rationale for the following facts in terms of this 
price rise: (a) Speed limits on the roads were reduced in several countries. 
(b) Many ocean liners reduced speed slightly, in spite of the cost of an extra day 
at sea that resulted. 


Energy transfer in the presence of friction 


IfI exert a constant force F on a realistic pram that is subject to friction, while it moves 
through a displacement s, how much energy is transferred? Notice that I do not say 
‘transferred to the pram’, because we know that much of the energy ends up in the 
environment, and it is not clear how much. However, the details of how the energy 
distributes itself is not really relevant to the calculation of how much energy is 
provided by the source of energy (i.e. me, if I'm doing the pushing). We assert here 
that the energy transferred by me (or anything else) pushing with constant force F over 
displacement s is the same whether the vehicle is subject to friction or not. It is 


We no longer write AE,;,, since we do not want to beg the question of where the 
energy has gone—whether it has been converted to kinetic energy, heat energy, sound 
energy or other forms of energy. For example, if the pram is moving at constant 
velocity as I push it, then F - s represents energy originating as chemical energy in my 
muscles, which becomes internal energy generated by the dissipative processes that 
occur as the pram moves. 


The following examples illustrate the use of equation 26 for various cases where 
friction is present. First, a worked example. 


Consider an Antarctic explorer hauling a sledge through the snow. He pulls on the 
rope with a force of 200 N and the rope makes an angle of 30° to the horizontal, 
as shown in Figure 23a. The sledge moves at 1 ms '. How much energy is 
transferred when he pulls the sledge for an hour? 


In Figure 23b we show the force vector F (magnitude 200 N) and the displacement 
vector s (magnitude 3 600 m). The energy transferred is 
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(b) F 


$ 


Figure 23 (a) The explorer pulls with a 
force of 200 N at 30° to horizontal. (b) 
Orientation of force and displacement 
vectors. 


3.6 


F-s = Fs соз 30° = 200 N х 3600 m x cos 30° = 62 x 105 J 


Here is a fairly abstract problem to give you practice in evaluating Ё - s. 


SAQ 16 In Figure 24, a displacement vector s is shown, where s = 10m, and 
four force vectors F,, F,, F4, F, of magnitude 10 N, 5 №, 2 N, 4 N respectively 
are orientated at the various angles indicated. Calculate the energy transfer 
associated with each of these forces and the given displacement s. 


Fa 


SAQ 17 I push a 1000kg car from rest to a speed of З т! by exerting a 
constant horizontal force of 250 N over a distance of 30 m. How many joules 
of energy have been dissipated as heat by frictional forces? 


Energy so far 


In Section 3, you have seen some of the forms energy can take. These have mostly been 
concerned with motion—either the kind of motion we associate with, say, a moving 
projectile, or, on the other hand, the kind of motion we associate with things heating 
up—what we call internal energy. Projectile motion is highly ordered—all the atoms 
of the projectile move together. Internal energy, by contrast, involves disordered or 
random motion of the atoms. Ordered motion tends to become disordered; when a 
bullet hits a wall it becomes hot and will probably melt. I also hinted at other types of 
energy—for example, I alluded to chemical energy stored in the body being converted 
to kinetic energy when someone pushes a pram. In the next Section, we discuss other 
forms of stored energy. 


The reason for the importance of energy in its many varied forms can be found in the 
law of energy conservation: in any process the total amount of energy remains con- 
stant. 


Thefollowing SAQ involves many ofthe important concepts of Section 3, and it should 
provide a useful check of your understanding of this Section. 


SAQ 18 А space vehicle of mass 50kg has two rocket engines producing 
thrusts of Е, and F, as shown in Figure 25. F, and F, are each of magnitude 
1 000 N and are at angles of 20° to the vehicle axis on opposite sides. They are 
the only forces acting on the rocket, which has constant mass. (a) What is the 
total force on the space vehicle? (b) What is the acceleration of the space 
vehicle? (с) If the space vehicle is initially at rest, what 15 its final speed after 
the rockets have fired for 20s? (d) Use the result of part (c) to calculate the 
final kinetic energy ofthe space vehicle. (е) What is the total distance travelled 
during the 20s that the rockets fire? (Use the equation relating s, u, a, and t.) 
(f) Use the result of part (e) to calculate the work done by the two rocket 
motors, and show that it equals the final kinetic energy of the space vehicle. 
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Figure 24 Displacement vector and four 


force vectors for SAQ 16. 


Figure 25 A space vehicle is propelled 
by two rocket engines. The force exerte 
by each engine is at an angle of 20° to t 
axis of the space vehicle. 
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4.1 


Potential energy and power 


In this Section, I introduce various forms of potential energy. This is the energy a body 
might have because of where it is or what has been done to it, rather than how fast it is 
moving or how hot it is. Examples are the energy stored when a body is raised against 
the pull of gravity, and the energy stored in a spring when it is stretched. For the latter, 
we will need to calculate the work done by a varying force. You will recall that the 
formula of Section 3, AE — F - s, applied when the force F was fixed. 


The Section ends by introducing the important concept of power, which is the rate at 
which energy is transferred, or the rate at which work is done. 


Gravitational potential energy 


The following problem should be quite straightforward for you now, and it makes a 
convenient starting point for the introduction of potential energy. 


ITQ7 А cannon ball of mass 10 kg is fired vertically with an initial speed of 
200 m s^ !. (a) What is its initial kinetic energy? (b) Use a constant acceleration 
equation to calculate how high it goes before it stops. (Ignore air resistance and 
use g = 9.8ms 2.) (с) Use AE = F «sto evaluate the energy transferred to the 
ball by gravity, from the time it leaves the cannon until it reaches its highest 
point. (d) Evaluate the energy transferred to the ball by gravity as it subsequently 
drops to the ground from the highest point. (e) What is its kinetic energy as it 
reaches the ground? 


This ITQ may have suggested to you that there must be, somewhere, an invisible 
energy bank. The cannon ball, with a large initial bequest from the gun, deposits its 
kinetic energy as it rises, and then withdraws it again as it falls.* How does this square 
with the fact that the total energy is always conserved? I earlier put great emphasis on 
the law of conservation of energy. According to this, energy can be converted from 
one form to another, but always subject to the rule that: 


joules in — joules out. 


When the vertically fired cannon ball reaches its maximum height, where has the 
kinetic energy gone? The energy must somehow be stored by virtue of its position within 
the region where gravity acts. You have seen from ITQ 7 that when the cannon ball 
returns to the ground, all the stored energy has been paid back. In ITQ 5, you found 
that the energy transferred to a projectile on a parabolic path was the same at height h 
on the way up asit was at height h on the way down. For a given total energy, therefore, 
each height is associated with one particular value of kinetic energy, so that the total 
energy E, is the sum of two parts, E,;, and E 


stored > 
Eo = Exin ts E stored (27) 


with Е, оса = Oat ground level. In the terms of our banking analogy, this stored energy 
is the savings deposit, and has a special name. The energy an object has by virtue of its 
height above the Earth’s surface is called gravitational potential energy, and we shall 
denote it by E,,,,. The sum of kinetic energy and gravitational potential energy is 
constant over the projectile’s trajectory: 


Е.м = Ема t Ega = constant 


until this energy is ‘spent’, i.e. dissipated as heat and sound energy when the projectile 
crashes to Earth. 


The last statement needs some qualification when air resistance is significant, since 
this continuously dissipates energy. This fact in no way modifies any formulae that 
will be given for calculating the gravitational potential energy. However, it does mean 
that in some situations the potential energy is not all converted to kinetic energy of 
the projectile. If the cannon ball were to release a parachute at the top of its path, the 
value of Eray at that point would be unaffected, but the energy stored as a result of the 
cannon ball being high above the ground would be mostly converted to kinetic energy 
of the air (and then to internal energy of the air) rather than kinetic energy of the ball. 
This is obviously an extreme case, but it gives some idea of the role played by air 
resistance. 


* Without interest, but possibly with bank charges due to air resistance. 
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potential energy ЕЁ, 


gravitational potential energy 


4.1.1 


Тат now going to show how the gravitational potential energy E,,4,0f a body depends 
on the body's mass and height above the ground. The following particular example 
illustrates the principle involved. 


How much gravitational potential energy does a car of mass 1 000 kg receive 
when it is raised on a pneumatic hoist in a garage to a height of 2 m above the 
ground? 


The law of conservation of energy tells us that the gravitational potential energy the 
car has at a height of 2 m is equal to the kinetic energy the car would gain by falling 
freely (i.e. without air resistance) to the ground. The kinetic energy transferred by 
gravity in falling is just Е - s, where F is the weight force (magnitude mg = 1 000 x 
9.8 N) and s is the displacement through which it falls (s — 2 m). Moreover, F and s 
are in the same direction, so F* s = Fs. Therefore, as it reaches the ground, 


Ej, = 2m x 9800N = 1.96 x 10*J 


Since E,;, was zero when the car was at a height of 2 m, its gravitational energy at that 
height was 1.96 x 10* J, i.e. the magnitude of its weight multiplied by its vertical 
height. 


The same analysis can be used for the general case of a mass m at height Л. The kinetic 
energy transferred to it in falling without air resistance through height Л is just mgh. 
Thus 


Epas = mgh (28) 


This is also the least amount of energy needed to raise an object of mass m through a 
height h. The following ITQ is in effect an alternative derivation of equation 28. 


ITQ8 Any object naturally requires an applied force if it is to move upwards 
with constant velocity (i.e. constant E,;,). How much energy must be trans- 
ferred to an object of mass m to make it move vertically upwards, with constant 
kinetic energy, through a height h? 


The important point you must remember is 


the increase in gravitational potential energy when a body of mass m is raised 
through height h is 


Еа, = mgh (eq. 28) 


Normally, the potential energy of a body is measured with respect to the ground level 
value—so E,,,, for a body at ground level is zero by definition. However, if you dug a 
hole of depth 4, a body that has E,,,, = 0 measured from ground level would have 
Еау = mgd with respect to the bottom of the hole. There is no chance of your getting 
inconsistent results if you always measure heights and potential energies from the 
same fixed reference height. Often ground level is the most natural and convenient 
choice. 


Gravitational potential energy can sometimes be converted into useful energy. The 
gravitational potential energy of water behind the dam of a hydroelectric power 
station is one example, and you should be able to think of others. (Consider how a 
pile driver works, for example.) 


SAQ 19 What is the least possible amount of energy required to take a man 
of mass 80 kg from sea-level to the top of Everest, which is about 8.85 km above 
sea-level? Would more energy be required in practice? 


The ballistic balance 


As an application of what you have learned about gravitational potential energy, 
consider the following device, known as a ballistic balance, which can be used for 
measuring the speed v of a rifle bullet of mass m, (Figure 26). It consists of a block of 
mass M hanging freely from two wires of length /. The material of the block is chosen 
so that the rifle bullet will embed itself in it. The mass M of the block is much greater 
than the mass m of the bullet, so that M is a very good approximation to the combined 
mass (M + m). 


When a bullet of unknown speed v embeds itself in the block, the block recoils and 
the maximum angle 0 that the support wires make to the vertical is measured. Know- 
ing this angle, the maximum height reached by the recoiling block can be calculated. 
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4.2 
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As you can see from Figure 26, the block is raised through a height of (1 — I cos 0) as 
it recoils. From this, we can deduce that the increase in potential energy of the block 
and embedded bullet is 


Еа, = (т + M)gl(1 — cos 0) 


Note that in this equation we have included the mass of the embedded bullet and 
assumed that it rises by the same amount. This equation is useful because it allows us 
to deduce the recoil speed by considering the change of kinetic energy into potential 
energy as the block recoils. Because energy is conserved, the kinetic energy of the 
block as it begins to recoil is equal to the gravitational potential energy when it comes 
to rest momentarily at its maximum recoil position. Hence, vg, the speed of the block 
just after collision, is found from the equation E,;, = E,,,,. In other words, 


grav* 
ХМ + my = (М + m)gl(1 — cos 0) (29) 
Cancelling M + m and multiplying each side by 2, we get 


vg = 2gl(1 = cos 0), or vg = 4/2901 — cos 0) (30) 


Since the collision between the bullet and the block is highly inelastic (the bullet will 
probably fragment or melt as it embeds itself), we cannot say that kinetic energy is 
conserved in the collision. But, of course, momentum conservation is always valid. 
This can be expressed as 


momentum of bullet before collision = momentum of bullet and block after collision 
mv = (m + M)vg 

or taking the magnitude of each side of the equation 
mv = (m + М) 


Since the mass m ofthe bullet is much less than the mass M ofthe block, we can ignore 
the m on the right hand side of this equation, and so we get 


mv = Mvg (31) 
Combining equations 30 and 31, we find that the speed v of the bullet is 
M M 
v = — vg = — J/2gl(1 — cos 0) (32) 
m m 


So the speed of the bullet can be calculated from a measurement of 0 and a knowledge 
of the masses of the bullet and the block, and the length l. There is no need to memorize 
equation 32, but you should be able to apply the principles involved in its derivation 
to problems like the one in the following SAQ. 


SAQ 20 А bullet of mass 9 g strikes a 10 kg ballistic balance. The supporting 
wires are 2m long and are observed to reach a maximum angle of 12° to the 
vertical. Calculate the speed of the bullet as it struck the block. (Try to do this 
by following the above arguments rather than by just using equation 32.) 


Strain potential energy 


Increasing the height of an object above the ground is not the only way of storing 
energy. Consider what happens when I bounce a rubber ball against a wall. Just 
before it strikes the wall it has a certain kinetic energy. If we could watch what 
happens during the collision, we would see the ball slowing down, stopping, and then 
accelerating in the opposite direction. If energy is conserved, where has it gone at the 
moment the ball has stopped? Heat, perhaps? No, not all of it ifthe ball bounces. If the 
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Figure 26 Before the bullet hits the 
block of the ballistic balance, the block 
hangs at a distance / below the support. 
At the maximum displacement, 
corresponding to the angle we have called 
0, the block is only / cos 0 below the 
support. It therefore rises a maximum 
distance of Д1 — cos 0). 


4.3 


random molecular kinetic energy, which we call internal energy (or heat) could so 
easily be converted back to the ordered kinetic energy of the ball the world's energy 
problems would be solved.* The energy is temporarily stored as potential energy of 
deformation of the ball, and we will call this strain potential energy E,,. As the ball 
restores itself to its original shape, this stored energy is converted back to kinetic 
energy and the ball bounces back. Just as the gravitational potential energy of the 
ball depends on its height, the strain potential energy depends on the departure from 
equilibrium shape. 


It is a common observation that a ball dropped to the ground will not rise exactly to 
the height it was dropped from, as it would if all the kinetic energy it had before the 
collision with the surface were ‘paid back’. Indeed, depending on the nature of the 
surface, it may not rise again at all. Think of a ball falling onto a feather pillow, or a 
ball of putty falling on a steel plate. In such cases, the kinetic energy gained in falling 
is lost in permanently deforming, heating or otherwise displacing either or both of the 
falling ball and the surface material. This is why collisions between macroscopic 
bodies tend to be inelastic. Nevertheless, nearly elastic collisions do take place, e.g. 
between pairs of billiard balls or hard steel or glass balls. In such cases, most of the 
strain potential energy stored momentarily during the collision is reconverted to 
kinetic energy. 


The most common application of strain potential energy is in the use of springs. If I 
pull or push a spring, I am transferring energy to the spring, and this stored energy can 
be released later. Sometimes the spring is arranged so that energy fed in relatively 
slowly can be released very rapidly. Ancient weapons, such as bows or catapults, 
exhibit a rapid transformation of strain potential energy into projectile kinetic energy. 
Conversely, sometimes strain potential energy is released much more slowly than it 
was stored as in traditional clocks. Strain potential energy may also be stored in 
gases as in an air-gun. 


Dissipative effects, which are always with us in the real world, imply that not all the 
energy transferred to a spring can be converted back into kinetic energy. If you could 
measure the temperature of a spring very accurately as it was subjected to repeated 
compression and expansion, you would find that the temperature increased, i.e. the 
spring's internal energy had increased. However, for a useful spring, the increase in 
temperature would be small. For the remainder of this Course, we shall deal with 
idealized springs, where none of the energy transferred to the spring is converted to 
internal energy. However, you should be aware that this is an idealization. 


Energy transferred by a varying force 


When a spring is stretched or compressed, it is apparent that the force required varies 
with the amount of stretching or compressing. This is turned to good account in 
simple weighing devices, where the compression or extension of a spring is used as a 
measure of the applied force. 


Variable forces} present us with a problem; up to now, the energy transferred as a 
force acts (the work done by the force) has always been evaluated under the assump- 
tion that the force is constant. To find the energy transferred by a force that varies with 
displacement, as in the case of a spring, we cannot simply apply the equation AE — 
Е - s. The force F would be different at different points along the displacement, so there 
is no obvious vector F to insert into this equation. 


It is often important to know how much energy is stored in a stretched (or com- 
pressed) spring. The evaluation of the energy stored in a spring affords a good example 
of how the energy transferred by a varying force can be calculated. If there are no 
dissipative effects, then the energy transferred to a spring in stretching it is just the 
strain potential energy E. stored in it when stretched. This is just another example of 
the law of conservation of energy. 


I shall assume that the spring obeys a law known as Hooke’s law. This simply states 
that the change in length is proportional to the force applied. This law is often closely 
true for stretched wires, stretched or compressed springs etc., but it is usually accurately 
true only if the extension is not too great. (What constitutes ‘too great’ depends on the 
material.) 


* A full discussion of this would take us far afield into a discussion of the second law of 
thermodynamics. 


Т In this Section, we consider forces that vary in magnitude but with fixed direction. 


strain potential energy 


Hooke’s law 
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The spring shown in Figure 27 will serve as an example. When there is no applied 
force, the free end of the unextended spring is at xọ*. In Figure 27, I have chosen to put 


HAMM 
== = 

0 | X 
HW} — p — 
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the fixed end of the spring at the origin, so the unextended length of the spring is just 
Xo. If the spring is stretched to x,, there will be a restoring force tending to pull the 
end ofthe spring back to x,. To hold it at x,, there must be an externally applied force 
F as shown in the figure. Hooke's law states that the magnitude F of this force is 
proportional to the displacement from the unextended position, i.e. 


F = k(x, — Ху) (33) 
where k is a constant characteristic of the spring, which we shall call the spring con- 


stant. 


Would you expect the spring constant k to be larger for a steel piano wire or for 
a rubber band? 


The force required to stretch a steel wire through a given displacement is much 
greater than that required to stretch a rubber band through the same displace- 
ment. Equation 33 thus implies that k would be much larger for a steel piano 
wire. 


The strategy adopted for calculating the energy required to stretch the spring is, in 
outline, to divide the extension into intervals small enough that the force can be 
considered constant over each interval. The total energy transferred to the spring in 
stretching it is then the sum of the amounts of energy required to stretch the spring 
through each interval.t 


To simplify the calculation, the extension is denoted by s, where s = x, — xo, so 
equation 33 for the applied force becomes 


F=ks (34) 


In Figure 28, the force versus extension relationship (equation 34) is plotted for a 
particular spring with spring constant К = 80N т 1. 
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extension s/m 


The task at hand is to determine the energy transferred to a spring as it is stretched 
to an extension Smax- 


The first step is to divide the interval from s = 0 to s = s,,,, into many small steps, 
each As wide as in Figure 29. The plan is to calculate the energy transferred to the 
spring over each small increase of extension As, since if this interval is small enough 
we can take the force to be constant} over that interval. 


* The derivation is for a spring stretched along the x axis, so we omit the vector signs. 


T The method I am about to use is analogous to the one used in Unit 2 to show that the 
distance travelled in a straight line is the area under the velocity-time graph. 


ilt can be rigorously shown that it is always possible to do this by going to the limit of 
infinitely many infinitesimally narrow intervals—this is the technique of integral calculus. 
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Figure 27 The natural length of the 
spring is хо. With force Ё, the spring is 
extended to x,, with extension 

S = X, — Xo- 


spring constant 


Figure 28 The dependence of extension 
on applied force for a spring obeying 
Hooke’s law with k = 80 N m~. 


= As 
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Figure 29 The extension s, between zero 
(no applied force) and Smax (the maximum 
extension for which we are calculating 
the energy), can be divided into many 
small intervals As. There is no limit to 
how small As can be. 


Take, for example, the energy AE transferred as the extension is increased from some 
general value s to s 4- As, as in Figure 30. This energy is just 


AE = F As = ks As 


i.e., the area of a rectangle of width As and height F = ks. Since the rectangle is narrow 
enough that the force is essentially constant over the interval As, it does not matter 
whether s refers to the low-s or high-s side of the rectangle. 
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The total energy transferred to the spring in stretching it is the total area of the 
rectangles shown in Figure 31. A rectangle located at extension s has height ks. The 
total area of the rectangles is just the area of the triangle outlined with bold lines. This 
has base Smax, and height ks,,,,- Its area is therefore $ks2,,,. This result, which applies 


A 


force 


= > 
iSite extension 5 


where Hooke's law is obeyed, can be stated in two general forms, which you should 
remember: 


The strain potential energy E,,, stored in a spring, of spring constant К, stretched 
to extension s is 


Es = 1662 (35) 
The work done in stretching a spring with spring constant К to extension s is 


W = tks? (35) 


These two statements are equivalent, since I have assumed that the energy transferred 
to the spring, i.e. the work done on the spring, is all stored as strain potential energy, 
and no energy is transformed into internal energy (heat). 


SAQ21 A catapult, Figure 32, is made from a spring which obeys Hooke’s 
law and for which k = 200 Nm !. The spring is stretched by 20cm. If all the 
stored energy is now transferred to a projectile of mass 0.005 kg, at what speed 
will it travel as it leaves the catapult? From what you know about gravitational 
potential energy, how high would the projectile travel if the catapult was aimed 
vertically? 


direction of motion 
when released 
«— — —— ———— 


projectile 


SAQ 22 How much energy is transferred to a spring, with k = 200N m^ !, 
when stretching it from 15 cm extension to 20 cm extension ? Compare this with 
the energy transferred when the spring is stretched from 20cm extension to 
25cm extension? 
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Figure 30 At some extension s, the force 
applied to the spring is F. If As is small 
enough for F to be effectively constant 
over this interval, then the work done in 
stretching the spring through distance As 
is FAs, the area of the rectangle shown 
shaded. 


Figure 31 As the intervals As become 
smaller, it becomes evident that the sum 
of the areas of the rectangles (and hence 
the total work done) is the area of the 
triangle shown in bold lines, 

ie. XS Sax = Msi 


Figure 32 А simple catapult made from 
a spring that can be extended and 
released. 
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Energy transfer with an arbitrary force 


There are many occasions when the force depends on the displacement in a way not 
described by Hooke's law. Perhaps you wish to know how much energy is required to 
compress the air in a closed container— perhaps a blocked bicycle pump. Certainly, 
the more you compress it the greater the force you require, but the force cannot be 
proportional to the displacement (of the pump handle, say). Indeed, as you approach 
the displacement for which the volume of the air becomes zero, the force becomes 
infinite. But the pump would burst before that.* 


The procedure that we used for calculating the energy stored in a spring can be applied 
to more general cases. Suppose that the force varies with the displacement in the 
way shown in Figure 33a, and that we wish to determine the energy required to move 
from the origin to the displacement with s = Smax- As before, this total displacement is 
divided into narrow intervals of width As. The energy required to move through a 
particular interval, such as the one shown shaded, is the force at that value of s 
multiplied by As. This is the height times the width of the shaded rectangle, which is 
equal to the shaded area. (We assume that As is small enough that F may be con- 
sidered constant over that interval.) The energy required to move through the total 
displacement is therefore approximated by the sum of the areas of all the rectangles, 
an approximation that becomes accurate in the limit of many, narrow intervals. In 
this limit, the total area ofthe rectangles is also the area under the curve. Therefore, the 
total energy required to move from s = Otos = s,,,, is the area under the curve shown 
in Figure 33a. 


Does this use of the area under the curve work when the force is constant? Yes, of 
course; in this case, the work done is just the product of the constant force and the 
total displacement, and, as you can see in Figure 33b, this is equal to the area under 
horizontal line, which represents the constant force. 


SAQ 23 Assume that the magnitude of the force needed to compress the air 
in a blocked bicycle pump is inversely proportional to the volume of the air. 
There is some displacement, magnitude Smax, which, if attainable, would mean 
that the air would have zero volume. Sketch the dependence of F on s, and 
discuss how the energy required to make a small additional displacement of 
magnitude As depends on s. 


Power 


A characteristic of any source of energy is the rate at which energy can be provided, or, 
in other words, the amount of work that can be done in a second. When a car is 
travelling at a steady speed, energy is dissipated at a rate exactly equal to the rate at 
which the engine converts the chemical energy stored in the petrol into other forms of 
energy. You will recall that the rate at which energy is dissipated generally increases 
(often very markedly) with the various speeds that characterize the motion. For the 
car, these include the speed of the car through the air, the rate at which the tyres 
continually flex, and so on. Thus the greater the rate at which the engine of the car 
provides energy, the greater will be the speed at which the rate of energy dissipation 
balances the rate at which energy is supplied—the faster the car will go. 


Such discussions, involving rates of energy transfer, are facilitated by the introduction 
of a new concept, power. Power is defined as the rate at which energy is transferred from 
some source or the rate at which work is done. The rate at which energy is transferred 
from the engine of a car is the power supplied by the engine. The unit of power, of 


* The design of a real pump would probably preclude the possibility of approaching zero 
volume even with maximum displacement of the handle. We have in mind a somewhat 
hypothetical pump! 
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Figure 33 When the dependence of F 
on s does not obey Hooke’s law, the 
work done is still the area under the 
graph. As As becomes small, the total 
area of the rectangles approximates the 
area under the graph indefinitely closely. 
Case (a) is a force that varies with 
displacement. Case (b) is the special case 
of a constant force. 


power 
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course, is the joule per second, J s~ !, but because power is such a widely used quantity, 
it is convenient to have a special unit, the watt, W. watt 


one watt is one joule per second 


IW= IJs 


Whenever energy is transferred, the rate is measured in watts. For example, a 100 W 
light bulb dissipates 100 joules of electrical energy per second, and a 3 kW electric 
fire dissipates 3000 joules per second. 


Power is still often measured in horsepower, one horsepower being about 746 watts. 
When an engine is described as being of so many horsepower, this relates to the 
maximum rate at which it can supply energy. 


The rate at which a constant force transfers energy can be calculated as follows. A 
constant force F acting through displacement s transfers energy F • s. Let us consider 
the case where the velocity v is constant. Then in some time interval, At, the displace- 
ment will be simply vAt (Figure 34). 


Figure 34 А constant force F acting on 
an object moving with constant velocity v 
causes displacement s = vA: in an 
interval Ar. 


The energy transferred in this time is then 
F-s=F-vAt 
So, 


к : energy transferred 
rate at which energy is transferred = = - = (F - vAt)/At = F -v 
time interval 


Thus the rate at which a constant force F transfers energy to an object moving at 
constant velocity v is F * v. It can be shown that even when the force and velocity are 
changing, the instantaneous power is related to the instantaneous force and in- 
stantaneous velocity in the same way: 


SAQ 24 А horse pulls a barge along a canal at a constant speed of 2т !. 
The tension (force) in the tow rope is 300 N and the rope makes an angle of 30* 
to the direction in which the barge travels. What power does the horse supply? 
Express the answer in watts and in horsepower. 


5 Collisions: putting the conservation 
laws to work 


Study comment If you are very pressed for time, then I advise you to skip this 
section. It shows examples of the use of the laws of conservation of energy and 
momentum, but does not introduce any new concepts. 


This part of the Unit is an audio-visual presentation. Please locate audiocasette 2, 
side 1, where you will find a commentary in which I lead you through the sequence 
of frames on the following pages. You should have a protractor to hand before you 
switch on. 


Now switch on, and refer to the following numbered frames in accord with the 
spoken commentary. 
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An extreme grazing collision 


a. 
deflected 


incident ball 
Е 
incident = à 


ball 
recoil of 
target ball 
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target ball 


À more grazing collision 


stroboscopic photographs 


These are traced From original 
of billiard balls 


2 Steel balls by strobe light 


(equal mass) 


new path of 
incident ball 


IF (1) the collision is elastic 


: (2) the balls have equal mass 
direction of reference 


incident ball direction then 


direction of recoiling 
"Larget ball" 
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Ө---. to basics, І : 


The conservation laws 


у 
— (ot rest) 


co-ordinate axes 
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(5 EZ to basics П : 


A numerical example 


"Head -on" elastic collision, unequal masses 
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Momentum conservation equations: 


momentum before = momentum ofter 


wrilfen in terms of components 
x component : 


MAY = Ma Ya COSO + me Yg cos È 


y component : 


О =maYa sinO — Mave sin ....line4 


Kinetic energy conservation equation (elastic collision): 


kinetic energy before = kinetic energy offer 


aaalifeS 


Momentum conservation (x component) 


momentum before = momentum offer 


Kinetic energy conservation (elastic collision) 


kinetic energy before = kinetic energy after 


The problem: What are Va and ve ? 


0.667ms! 


= 2.667 ms"! 
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Q "90? Phenomenon’; special case 


Before Square f 


(at rest) ivà + 25 Vava cos Ф + và соѕ2 ф 


— 3% Мамы sing + v& sim d 


2 : 
у = ү? +E Va уь (cos Ø — sin Ø) + vg 


(since cos? $ + sin? d = 1 for any $) 
Compare 3'and 6 


M i E 3 
omentum conservation Va Ve (cos $ — sing) = О 
(x comp.) mv = mv, cos 45° + mvg cos ф 


SS юа But neither va nor vg 1s zero. 
Hence 


inefic ener onservation : : 
K ic. energy conservation cos  — sin ф 


— VA 1 2 
= 7 Mm + ozmvg x 


Hence Топ $- БӘ ф = 45° 
use = sin45* = = O01l fo get : 
= 3 É Bul we assumed Ө = 45? 

Va + Vg cos Ф zl 


So 


+ Фф = 90 
+ vé cd | e+g=90°| 


$3 General proof of "90° phenomenon" 


Conservation of kinetic energy: 


= d гре 2 1 2 
momentum vector before collision: EN a= Ng ee 
i (x2m) m*v?- m*vyg + m!vé 


2 2. 2 
but Р^= ту, ра = ту урь —m'vé 
= Р so 
momentum veclors ofter collision: ~A 
z Pe 
Conservation of momentum: 
P= Pat рь : 


é) : of Pa 
Expressed asa Pa BN = 8 : o 
P Poth e RU асе i = 

ade eE Г = | Pe ylhagoras: p? = pz + pz if and only fF /5 2 90 


buf x + /3 = 180? 


Е 
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© Inelastic collisions 


kinetic energy before » kinetic energy after 


1 2 1 2 1 2 
zmv > ТМА + zmvà 


(x2m) pt > pk + рё 


stil Р = Pa zi Pe 


Elastic Pa + Po 


Inelastic PAs Ba 


= [ee] 


Bul «+8 = 180? 


| tor inelastic case, œ «90* | 


A schematic view of an alpha particle 
кес E NEN оар ор SS 


Scattering From a gold nucleus 
= ee ea coo 


The Trajectory of an alpha 
particle as if interacts 
-with a gold nucleus. 


incident alpha 
particle 
position of gold 


nucleus before collision 


The nucleus recoils, buf ifs 
velocity is small since if has 
much greater mass Than 
the alpha particle. 


O~- 


The same collision from a more distant 
perspechve. Regions where the motion 
is essentially in straight lines (the 

Forces being neoligible)are apparent. 


exaggerated spacing 
For clarity 
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After studying the audio-visual presentation, try the following two SAQs. You should 
be able to apply the conservation laws to collisions. 


SAQ 25 In the stroboscopic pictures of colliding balls, you no doubt noticed 
that the spacing between the images of the balls that were barely deflected from 
the incident direction in grazing collisions was much greater than the spacing 
of the images of balls that were tapped sideways. Explain why this is so. In par- 
ticular, can you identify what conservation law is most directly responsible? 
SAQ 26 A puck of mass 0.8kg, travelling at speed 2ms ! moves without 
friction across a table and collides elastically with another puck of mass 0.4 kg. 
Following the collision, the first puck travels at an angle of 45° to its original 
direction. Write down equations that could be solved to give the outgoing 
speed of this puck and the velocity of the other. (There is no need to solve these 
equations.) 


The centre of mass of extended bodies 


It may have occurred to you that there was one quite unrealistic feature in our long 
discussion of how bodies move under the influence of forces and how they behave in 
collisions. The bodies were treated as if all the mass were concentrated at a single 
point, thus ignoring the fact that all objects are extended and have structure. For 
example, we know that an object thrown in the air will execute a parabola—but if the 
object is, say, a spanner it may be turning end over end as it moves through the air, as 
shown in Figure 35. Such motion can be described as a combination of translational 
and rotational motion, as you saw in Unit 2. Obviously, not all the points on the 
spanner were travelling on a parabola, although the path has a parabolic look to it. 
But does any point actually travel on a parabola? Is there some special point of the 
spanner, or of any body, to which the laws of dynamics can be easily applied? 


The answer is yes. This point is called the centre of mass of the body. It is the point of 
the body to which Newton’s second law can be easily applied, as you will see later, and 
it is the point in the spanner which follows the parabola. Each body whether a shoe, a 
ship, a lump of sealing wax or a spanner* has just one centre of mass. In this Section, 
the important role of the centre of mass in dynamics is stressed, and in Unit 4 the 
equally important role it plays in statics is described. 


It is not possible in the available space to give a precise mathematical definition of 
centre of mass from which you could calculate the centre of mass of an arbitrary body. 
Stated informally, however, the centre of mass is the ‘average’ position of the mass of a 
body. Any body, or indeed collection of bodies, has one, unique, centre of mass. This 
very uniqueness can be used to say where it is in ‘simple’, i.e. symmetrical, cases. For 
example, the centre of mass of a sphere of uniform density is the centre of the sphere— 
it really could be nowhere elset. The centre of mass of the uniform cylinder shown in 


* Cabbages and kings are a bit more difficult since they flop around rather a lot. Still, they do 
have an instantaneous centre of mass at any point in time. 


T This is a serious argument. If the centre of mass were not at the centre, then its position 
would change if the sphere were rotated. But the centre of mass is unique, and only the centre 
of the sphere remains at the same point when the sphere is given arbitrary rotations without 
overall movement. 'Symmetry arguments' of this kind are sometimes very important in 
physics. 
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Figure 35 A stroboscopic picture of a 
spanner thrown across the room. If you 
sketch in the paths of the two ends of the 
spanner, it will be clear that they are not 
parabolae. 


centre of mass 


6.1 


Figure 36 is halfway up the central axis by a similar argument. It couldn't be, say, six 
tenths of the way up, since if you turned the cylinder over it would look the same 


except that the centre of mass would be four tenths of the way up. Only the centre, half . 


way up, stays at the same height when the cylinder is inverted. Our intuition fails us, 
however, when it comes to determining the centre of mass of the symmetrical solid 
cone also shown in Figure 36. Clearly it must be on the dashed symmetry axis— but 
how far up? By using integral calculus, we find it is one quarter of the way up from the 
base. This is reasonable, since it should be nearer the end where the mass is con- 
centrated. 


Figure 36 The centre of mass of the 
cylinder is just half-way up and at the 
centre of a circular cross section. But 
how far up is the centre of mass of the 
cone? 


Centre of mass and Newton's laws 


The centre of mass is very important in dynamics. The motion of the centre of mass of 
a body is exactly the same as if the entire mass of the body were concentrated at the 
centre of mass, with the same external forces acting on this ‘concentrated’ mass as act 
on the original body. 


Expressing this more precisely in terms of Newton's second law: 


Ifthe total external force acting on a body of total mass M is F, then the acceleration 
a of the centre of mass is given by 


Е = Ma (37) 


In particular, if there are no net external forces, the centre of mass moves with constant 
velocity. 


Note that it is the total external force that comes into equation 37. This is because all 
internal forces—forces between one part of the body and another—will cancel out 
owing to Newton’s third law. Hence, it is the centre of mass of the spanner in Figure 35 
that lies on the simple parabolic trajectory that Newton’s laws imply for a projectile 
in a region of uniform gravitational force. The end over end rotational motion about 
the centre of mass is quite independent of the translational motion of the centre of 
mass. 


To make this general behaviour clearer, consider the L-shaped piece of metal shown 
diagramatically in Figure 37. The centre of mass is outside the metal itself (just as the 
centre of mass of a doughnut is in the hole) and is marked by a dot of light material 
held in place with thread. Figure 38 is a stroboscopic photograph of the object being 
thrown across the room. The white dot does indeed appear to follow a smooth para- 
bolic path. 
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Figure 37 An L-shaped piece of metal 
with a light (mass and colour) marker 
supported by thread at its centre of mass. 
The centre of mass is not within the 
metal itself. 


Figure 38 A stroboscopic photo shows 
that the white dot at the centre of mass of 
the L-shaped object travels along a 
parabolic path when the object is 
projected across the room. (The dark 
threads holding the dot in position do 
not show up in this picture.) If you 
sketch in the paths of the centre of mass 
and of one end of the L-shape, the 
difference between these paths will be 
more obvious. Successive positions of the 
dot are closer near the top of the path 
since it is moving more slowly there. 
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6.2 


6.3 


The equation F = Ma (where F is the total external force) applies whatever internal 
forces there may be within a body and applies even to the centre of mass of a group of 
separate bodies. Any collection of matter, whether in one lump or in many pieces, has 
aunique centre of mass, and equation 37 applies in all cases. For example, if an artillery 
shell on a parabolic path exploded in mid-air, and if you could determine second by 
second the overall centre of mass of the fragments (not forgetting the gases from the 
explosion), then this centre of mass would continue along the parabola ofthe shell until 
air resistance slowed the various pieces down. 


Centre of mass motion in collisions 


Two colliding bodies have an overall centre of mass, which will, in general, move as the 
bodies move. Equation 37 applies to the motion ofthis centre of mass. If the bodies are 
not subject to external forces, then no matter how strongly they interact with each 
other as they collide, the centre of mass will move with the same constant velocity 
before and after the collision. 


Let us see how this works out in a collision between billiard balls. The centre of mass 
oftwo balls of equal mass is, as you would expect, the point half way between them. In 
Figure 39, we show a collision between a billiard ball approaching from the left and a 
stationary ball. The circles represent positions of the balls at equal intervals of time, 
and the successive positions of the centre of mass of the two balls are shown by a 


target ball recoils 


initial position of target ball 
corresponds to first three 
positions of centre of mass 


Seu M 
trajectory of à N 1 às path of centre of mass 


a dento ® (before and after collision) 


с a 

deflected 

Figure 39 А collision between two constant. This means that the momentum 
similar balls, one of which was initially of the centre of mass is conserved in the 
stationary. The crosses mark eight collision, since the total mass of the two 
successive positions of the centre of mass balls is fixed. (To make this diagram 

of the two balls. They lie on a straight clearer, the balls have been drawn about 
line and are equally spaced, indicating 30% smaller than they appeared on the 
that the velocity of the centre of mass is strobe photograph.) 


sequence of crosses. These crosses are equally spaced and on a straight line. This shows 
that the centre of mass has indeed moved with constant velocity, a simple consequence 
of there being no overall external force on the balls. In any collision in which there are 
no unbalanced external forces, the overall centre of mass will move with constant 
velocity throughout. 


Centre of mass and rotations 


Before we leave this brief discussion of centre of mass, there is one more point to be 
made. The example of the spanner spinning on its parabolic path may have suggested 
to you that F — Ma is not the whole story for an extended body. Why, for example, 
does a spanner sometimes spin as it flies through the air? It all depends on how the 
spanner was thrown. This leads to an important general point about forces acting on 
extended bodies. If the line of action of a force does not pass through the centre of 
mass, as shown in Figure 40a, then the force not only makes the centre of mass of the 
body accelerate, but it also makes the body simultaneously spin about the centre of 
mass. It is only when the line of action of the force passes exactly through the centre of 
mass (Figure 40b) that the force does not cause the body to spin. In Section 7, we de- 
velop some general concepts relating to the rotational and orbital motion of bodies. 
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Е! Е; 


(b) 
(a) 


SAQ 27 According to the Bohr model (which is discussed in detail in Unit 13) 
an isolated hydrogen atom consists of an electron travelling in a circular orbit 
around a stationary proton. Is this model consistent with what you know about 
the centre of mass? 


SAQ 28 A rectangular piece of sheet metal, of uniform thickness and com- 
position, is placed on the horizontal surface of a sheet of ice, which can be 
regarded as frictionless. The dimensions and mass of this metal object are 
shown in Figure 41, and also shown are four forces, each of magnitude 10 N, 
but acting at different points on the object and in different directions in the 
same plane as the object. (a) Where is the centre of mass of the object? 
(b) What is the initial acceleration of the centre of mass of the object produced 
by each of the four forces acting alone? (с) Which of the four forces will cause 
the object to rotate about its centre of mass? 


60 cm E 

|- F 
mass = 2 kg 
20cm 

| 
| 
EX: 

| 

30 ст >| 

Fc Fp 


Circular motion 


We have not yet exhausted all there is to be learned from the example of the spanner 
on its parabolic trajectory. If you look at the stroboscopic pictures, Figures 35 and 38, 
you will see that the complicated motion appears to be a superposition of two simpler 
motions, one being the parabolic motion of the centre of mass and the other a uniform 
angular motion about an axis through the centre of mass. If you could follow the 
L-shaped object on its path, with the centre of mass always at the centre of the field of 
view ofthe camera, then a series of pictures taken at a succession ofequal time intervals 
would look like Figure 42. During each time interval Аг, the object moves through the 
same angle, A0, say. The angular speed o of the object is given by 


A0 
= — 38 
т B 
and is usually expressed in units of radians per second. The notion of angular speed 
applies equally to a solid body rotating about some axis through it and to a body in 
circular motion about a point outside it. The Moon revolving about the Earth is an 
example of the latter situation. 
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Figure 40 (a) Force F, causes the body 
to rotate, since the line of action of the 
force does not pass through the centre of 
mass C. (b) F, does not cause any rotation. 


Figure 41 A rectangle of sheet metal 
lying on a horizontal ice surface. F,—-Fp 
are four forces that can act on this object. 


Figure 42 The object rotates through 
equal angles A0 about its centre of mass 
(point C) in equal time intervals Ar. 
Hence angular speed œ = A6/At. 


3A8 
€ C € 
Б e- = 
time 0 time At time 2А; time ЗА; 
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Kinetic energy of rotational motion—a Home Experiment 


What is the total energy of the spanner as it moves in the path shown in Figure 35? 
Is it just the energy of the centre of mass, E.m, that is, 


cm? 
а == Exin, em E B Ron = MV? Br Mgh (39) 


where M is the mass of the spanner, V is the speed of the centre of mass, and / is the 
height ofthe centre of mass above some specified reference level? In fact, asit moves on 
its path, the energy of the centre of mass is constant (neglecting the dissipation of 
energy by air resistance), but there is also an additional contribution to the total 
energy of the spanner. This additional contribution is the kinetic energy of the super- 
imposed rotational motion about the centre of mass. We shall call it rotational kinetic 
energy, and to avoid confusion in problems involving rotation, we shall refer to the 
kinetic energy ofthe centre of mass as translational kinetic energy. For the spanner, the 
rotational kinetic energy is constant, apart from the effects of air resistance. 


Thus, Ема Ex HS + E = Ekin, cm + BD ED Ко (40) 
Ела IS constant, as are both Е, „ара E,. 


Our task now is to calculate the kinetic energy of rotation, or at least find a general 
method that could be readily applied to simpler objects than spanners. The question 
ofhow much energy can be stored in rotating bodies is of considerable current interest. 
ТУЗ discusses the physical principles that must be taken into account in designing 
energy stores for vehicles using flywheels. 


You should now perform the Home Experiment, which should only take 10-15 
minutes. The point of this experiment is to bring home to you the not-quite-straight- 
forward manner in which the energy of a rotating object depends on its mass. You 
have two cylinders in the Home Kit, which are of the same size and mass as well as of 
the same general appearance. The question is, if they rotate at the same angular speed, 
could one have more rotational energy than the other? Conversely, if they have the 
same rotational energy, do they rotate at the same angular speed, w? 


Home experiment First find the two short cylinders from the Home Kit. Then select 
a suitable gently inclined plane. If it is too steep, the cylinders may slip, and the motion 
may take place too quickly for you to follow. A table or desk with the legs raised at 
one end would be very suitable. You could also use a smooth piece of wood a metre or 
more long, which is sufficiently rigid that it doesn't sag appreciably. 


Now, take your two cylinders and release them together so that they roll down the 
plane without slipping. Do the two cylinders reach the bottom of the plane at the same 
time? Does one cylinder always reach the bottom first? Does this depend on the slope? 
Try the experiment several times until you are sure that you have found reproducible 
answers to these questions. 


I expect that you were surprised by your observations. Before I explain them, try to 
answer the following questions: 


ITQ 9 (a) Bearing in mind that both cylinders have the same mass, which 
cylinder had the greater total kinetic energy when it reached the bottom of 
your slope, the cylinder that reached the bottom first or the cylinder that lagged 
behind? (b) Which cylinder had the greater translational kinetic energy? (c) 
Which cylinder had the greater rotational kinetic energy? 


The paradoxical result that emerges from this ITQ is that the cylinder that was 
rotating more slowly when it reached the bottom of the slope had the greater rota- 
tional kinetic energy. How can this be? The reason for the difference lies in the hidden 
internal structures of the two cylinders, and these are shown in Figure 43. One is a 


hollow steel aluminium solid aluminium 


/ 


ГА 


aluminium 
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rotational and translational kinetic energy 


Figure 43 The structure of the two 
cylinders in the Home Kit. One is solid 
aluminium and the other is hollow steel 
with thin aluminium end caps for 
disguise. The overall masses of the two 
cylinders are as close to equal as we 
could manufacture them. 


7.2 


7.3 
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hollow steel cylinder, and the other one is solid aluminium. In TV3, we show another 
example of a situation where a slowly rotating object has a greater rotational kinetic 
energy than a more rapidly rotating object that has the same mass but a different 
mass distribution. The reason for these apparently paradoxical results will be ex- 
plained in Sections 7.3 and 7.4. 


TV3 Energy to go round 


Study comment You should refer to the Television Notes for a study comment, 
a summary, and further information relating to TV3. 


The moment of inertia 


We will now evaluate the energy of an array of point masses, all held together so that 
they rotate as a rigid body. Let us say that the angular speed about some fixed axis is c». 
In Figure 44, this axis goes through point O vertically into the paper, so that the 
masses revolve about О in the plane of the paper. The masses are m,, m5, M3, ... at 
distances г;, r;, r3, ... from О. 


Figure 44 A number of masses in 
uniform rotation with angular speed 
about a fixed point O. The axis of 


= ғу, к), кз are displacements from that 
axis. The additional dots indicate any 
other masses of the collection, which 


ee should not be thought of as limited to 
three. 


The total kinetic energy E,;, is 
Еки = àm,vi + my vz + 4m; 0} ee (41) 
We introduce here a compact mathematical notation—the summation notation summation notation 
employing the Greek letter У’ 
We write іту? + то? +---= Др т; s) 
i 


where У just means a sum of all the terms m,v?, where the subscript i indicates an 
i 
arbitrary member of the series*. 


Thus we can rewrite equation 41 as 
Екш = i E (ть) (41а) 


Now how do we evaluate the v;? The answer comes from Unit 2, where we showed 
that the relationship between the angular speed w ofa rotating object, the speed v and 
the distance from the axis r is just 


@=v/r or v=or (42) 


Thus we can rewrite the kinetic energy Е, „іп equation 41a (remembering that w is the 
same for each mass since they all rotate as a whole) as: 


Ey, = iYQ, v?) = 3 У (mor?) 


* If we know that there аге N terms to be included іп the sum, the range of the index included 
in the sum can be written explicitly, 


N 
ie. Y nv?) 
i=1 
which means the sum of all the terms m;v;^ where i takes all the values from 1 to.N. Note that 


У (ть?) is not (x n) x (х 4) for the same reason that (a + b + c) (x + y + z) is not 
ах + by + cz. : 


rotation is perpendicular to the page, and 
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or, taking о? out of the sum, 
Exin = за? 2: (mir?) (43) 


The quantity У (m;r?) is called the moment of inertia of the array of masses, and we 
will represent it by the symbol J. Thus 


I — (тт?) (44) 
which is equivalent to 
I = mr; + тт + тз +--+ (for all the masses) (44a) 
Equation 43 can be written more concisely as 
Ej, = lox. (45) 


The moment of inertia depends not just on the masses m;, but also on the way the 
masses are arranged. Specifically, it depends on the distances of the masses from the 
axis of rotation. If we refer simply to the moment of inertia of a body or a group of 
masses, it must be because it is obvious from the context what axis is referred to. The 
moment of inertia will be different for rotation about different axes, and so the axis of 
rotation is a necessary part of a complete specification of moment of inertia. Try the 
following ITQ, which demonstrates just how much the moment of inertia for an 
array of masses can depend on this axis. 


ITQ 10 An object consists of two small balls of mass 1 kg at each end of a 
light* rod 2 m long. Calculate the moment of inertia with respect to the follow- 
ing axes (shown in Figure 45): (a) a line perpendicular to the rod passing 
through the centre of the rod; (b) a line perpendicular to the rod at the end of 
the rod; (c) a line along the length of the rod; and (d) a line perpendicular to the 
rod going through a point on the line of the rod, 2 m beyond the rod. About 
which of these axes would the object have the largest kinetic energy when 
rotating with angular speed o? What would the rotational kinetic energy be in 
this case if the object made one revolution every second? 


| 
| 
== es 


(a) (b) 


(d) 


Moment of inertia of solid bodies 
In order to apply the definition I = У (m;r2) to solid bodies like your cylinders, we 


L 

first have to (mentally) divide the body up into small pieces. As these become very 
small, the mass of each piece may be considered to be at a point which has a well 
defined distance from the axis (r; for the ith mass). In this limit of small point masses, 
equation 44, the equation defining moment of inertia, will become applicable. How- 
ever, as smaller and smaller masses are taken with better defined values of r;, their 
number increases indefinitely, and techniques of integral calculus, not used in this 
Course, are required to perform the sum 5 (m;r?). However, there are cases where the 
moment of inertia may be readily calculated without requiring integral calculus. 


Consider, for example, a cylinder made of thin material, like sheet metal perhaps, as 
shown in Figure 46. If the total mass is M and the radius is R, the moment of inertia 
about the central axis may be readily calculated. If the material is thin enough, then 


* This phraseology in a problem means we are contriving a solvable problem for you. It 
means that the mass of the rod can be neglected, although it is strong enough to make a rigid 
structure, and we also ignore the finite size of the balls themselves. 
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moment of inertia 


Figure 45 A rod with 1 kg masses at 
each end. Various axes of rotation are 
shown (see ITQ 10). 


however the ring is subdivided, all mass elements are at a distance R from the axis. So 
we can write for any subdivision 


I = (m,R? + m, R? + m,R? +---) = R?(m, + m, +-->) 
I = MR?. 


For other cases, it is not so easy to calculate the moment of inertia, but I shall state 
two results. For a solid cylinder of mass M and radius R, the moment of inertia about 
an axis through the centre is }MR? (Figure 47a). This result is plausible, since the 
mass is on average nearer the axis than in the case of the thin-walled cylinder. For a 
solid uniform sphere of mass M and radius R, the moment of inertia about an axis 
through the centre is 2МА? (Figure 47b). The matter in a sphere is on average even 
nearer to an axis through the centre than in a solid cylinder, and this means that the 
moment of inertia of a sphere is less than that of a cylinder with the same mass and 
radius. 


Now before I account for the results of your experiment in detail, one more property 
of moments of inertia must be explained. This is simply that the combined moment of 
inertia of two objects about the same axis is the sum of the moments of inertia of the 
individual objects. Likewise, if a piece is removed, the new moment of inertia is 
obtained by subtracting the moment of inertia of the removed piece from the original 
moment of inertia. The following ITQ is a direct application of this. 


ITQ11 Calculate the moment of inertia of the hollow steel cylinder about the 
axis shown in Figure 48. The outer radius, R,, is 5 cm and the inner radius, 
R,, is 4 cm. The length / of the cylinder is 10 cm. The density of steel is 7.9 x 
10? kg m ^? (і.е. each cubic metre of steel has a mass of 7.9 x 10? kg). (Hint: 
first calculate the mass and moment of inertia of a solid cylinder of the same 
external dimensions, and then calculate the mass and moment of inertia of the 
steel cylinder that would just fit inside the hollow cylinder.) 


* 


up зып R, = 4cm 


X * 


axis of 
rotation 


—— l- 10cm— — 
Figure 48 А hollow steel cylinder (see ITQ 11). 


The next ITQ concerns a solid cylinder of the same overall dimensions and the same 
mass. Naturally, for this to be the case it would have to be made of a much less dense 
material. 


ITQ12 Whatisthe moment of inertia ofa solid cylinder with the same overall 
dimensions (radius 5 cm, length 10 cm) and the same mass as the hollow steel 
cylinder of the previous problem? 


Now, just consider what the answers to the last two ITQs have to say. There are two 
cylinders of the same mass and the same external dimensions, but they have different 
moments of inertia. The hollow cylinder has the greater moment of inertia as a result 
of the mass being at the greater radius on average. 


hollow steel solid aluminium 


| | 


1=47 х 1056 кет? /= 2.8 х 10-6 крт? 


In exactly the same way, the hollow steel cylinder in the Home Experiment Kit (shown 
again in Figure 49) has a much larger moment of inertia than the aluminium cylinder 
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Figure 46 А thin walled cylinder, radius 
R, length /. The wall is sufficiently thin 
that all the mass can be considered to be 
at distance R from the axis. 


(a) I=43MR? 


\ 
radius R 
| 


(b) I-4MR? 


Figure 47 A solid, uniform cylinder and 
a solid, uniform sphere, each of radius R, 
and total mass M. 


Figure 49 The mass of the hollow steel 
cylinder is, on average, at a greater 
distance from the axis than is the mass of 
the aluminium cylinder. This accounts 
for the larger moment of inertia of the 
hollow cylinder. The end caps, of 
negligible moment of inertia, are omitted 
for clarity. The values given for J are 
approximate only. 
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of the same mass and dimensions. Thus when the two cylinders rotate at the same 
angular speed, the hollow cylinder has the larger rotational kinetic energy—remember 
Еш, = 1102. Now when the two cylinders roll down the same slope, they both lose the 
same amount of gravitational energy and therefore they both gain that same amount 
of total kinetic energy. But if the two cylinders have the same total kinetic energy, then 
the hollow cylinder—the one with the larger moment of inertia —must be rotating 
with a smaller angular speed. This is why the hollow cylinder always loses the race 
down the slope. 


The problem discussed in TV3 is: how can we get the largest amount of energy into a 
flywheel of given mass? This involves the physics we have been discussing— but there 
are crucial new features. Since the energy stored is 2/02, it would seem natural to 
increase both c as well as J. Why not increase o indefinitely? Unfortunately, this is 
where complications arise since increasing c сап have disastrous effects, such as 
destroying the flywheel and anything near it. The physics behind this potential 
disaster is important and interesting; it is also the physics behind cream separators, 
steam engine regulators, the banking of bicycles on curves and, not least, the motion 
of satellites in orbit. Why doesn't the Moon fall into the Earth? Why doesn't the 
Earth fall into the Sun? There are many physical effects whose absence would mean 
our absence, and this is one. It is the subject of the next Section. 


SAQ 29 What is the total rotational kinetic energy of the Earth due to its 
rotation about its axis? Assume the Earth is a uniform sphere, of radius 
6.38 x 10$ m and mass 6.0 х 10?^kg. For how long would this amount of 
energy run a 100 W light bulb? 


Forces arising with circular motion and rotation 


As you will recall from Unit 2, an object undergoing circular motion must have an 
inward acceleration towards the centre, and this is called the centripetal acceleration. 
For example, a stone whirled around in a sling (Figure 50a) is continually accelerating 
towards the hand holding the sling. If the angular speed of the stone is c» (expressed in 
radians per second), and the radius of the circular path is r, then the magnitude of the 
centripetal acceleration is (equation 23 of Unit 2) 


а = or (46) 


(а) (6) w 


Alternatively, since the speed v of the stone is given by v = wr, the magnitude of the 
acceleration is 


a=— (47) 
т 


Now when the displacement of the stone from the centre of the circle is r (Figure 50а), 
both magnitude and direction of the centripetal acceleration can be represented by a 
vector a, which is given by 


a = —or (48) 


Are the magnitude and direction of —c?r consistent with what you know 
about the centripetal acceleration? 


Yes, they are. The magnitude of — cr is w?r which agrees with equation 46, 
and its direction is the — r direction, which is towards the centre of the circle. 


ace о (49) 
кк. 


The vector form of equation 47 is 
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Figure 50 (a) A stone whirled round in 
a sling in a circular path at constant 
angular speed о. (b) If the sling is 
released at point A, the stone travels in a 
straight line path that is tangential to the 
circle at point A. The dots indicate the 
position of the stone at equal intervals of 
time. (We are neglecting the effect of 
gravity, of course.) 


This looks more complicated than equation 48 because of the (r/r) factor, but this 
additional factor has a simple interpretation. It is a vector in the direction of r, but 
which has magnitude one: 

r 

magnitude of © = Se (50) 

r fe r 
The quantity (r/r) is a unit vector in the r direction. You had a first look at unit vectors 
in Unit 2, but I would like to emphasize their main property here: 


a unit vector (r/r) has magnitude one and is in the direction of r 


The unit vector is therefore a convenient way of attaching a direction to an expression 
without changing its magnitude, and you will find that unit vectors crop up in a variety 
of expressions throughout the Course. 


2 
: к= г Д v* fr 
What are the magnitude and direction of the acceleration — — В 0 
r 


Sincethe magnitude ofthe unit vector (r/r) is one, the magnitude ofthe accelera- 
tion is just v?/r, which agrees with equation 47. The direction of the acceleration 
is the — ғ direction, i.e. towards the centre of the circular path in Figure 50а. 


Now an acceleration requires a force, by Newton's second law, and the sling must 
provide this force on the stone in Figure 50a. If the sling is released (Figure 50b), then 
it no longer provides this force, and the stone becomes free. The stone flies off in a 
straight line, in accord with the first law. The force required to produce the centripetal 
acceleration for a stone with mass m is 


‚2 
F = та = —то?к= — (5 (51) 


This inward force is called a centripetal force, and its relationship to the centripetal 
acceleration and the circular motion is shown in Figure 51. The centripetal force is not 
a new kind of force in the way we might think of electromagnetic or gravitational 
forces as kinds of forces, though the centripetal force happens to be each of these 
respectively in the atom and the solar system. Centripetal simply refers to what the 
force is doing—keeping the stone moving in a circular path, or the electrons moving 
around the nucleus in an atom, or the planets orbiting around the Sun. 


I must now say something about an old bugaboo of physics, namely the centrifugal 
force. In a sense, I have told the whole story of why a stone flies off when you release 
the sling, and it is not necessary to introduce new forces to account for this. Never- 
theless, there is no avoiding the fact that you feel a force pulling outwards when you 
swing a stone in a sling. It is this force that is called the centrifugal force. In order to 
keep a stone on a circular path, a sling must exert an inward force, the centripetal force 
of —mo’r. The resulting tension in the sling will be felt as an outwards force on your 
hand, mw*r, where, of course, the r is the displacement of the stone from your hand. 
This outward force, transmitted to your hand through the sling, is known as a 
centrifugal force. 


As we have hinted, the centrifugal force idea is strictly dispensable. If an engineer 
wishes to determine whether a flywheel would fly apart at a certain angular speed, he 
could ask whether the material of the flywheel is able to exert sufficient inward 
(centripetal) force to give all the parts of the flywheel the inwards acceleration ( — wr) 
necessary to keep the flywheel in one piece. In practice, most people find it more 
natural to think of themselves fixed in the wheel (or holding a sling) and asking 
whether the outwards centrifugal force exceeds the breaking force of the flywheel 
(or sling). You must not think of the centrifugal force as a mysterious new force 
in nature, but it is sometimes convenient to have a name for what you experience 
as an outwards force when you are fixed in some conveyance which is moving on a 
curved path, such as a car turning sharply or a seat on а fast merry-go-round. But you 
should remember that you are really experiencing your own inertia—the tendency, 
for example, for the stone in Figure 50b to keep going in a straight line. Your seat-belt 
in a sharply turning car must exert an inward centripetal force to keep you in your 
seat. As you remain at rest with respect to your moving seat, you perceive the reaction 
to the centripetal force as an outward centrifugal force. Centrifugal force is quite a 
subtle concept, and for this Course the important thing is to be able to calculate 
centripetal accelerations and forces. 
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unit vector 


centripetal force 


Figure 51 The centripetal acceleration 
and centripetal force on an object moving 
in a circular path. The acceleration and 
the force are directed towards the centre 
of the circle. 


centrifugal force 
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7.6 


The range of phenomena in which centripetal forces play a role is immense: atomic 
nuclei are known to stretch as they rotate, galaxies tend to be flat, and, somewhere in 
between, our Earth is oblate (flattened at the poles) instead of perfectly spherical. 
However, in each case, the same underlying physics is an important part of the ex- 
planation. 


SAQ 30 I swing a 0.2kg stone around my head on a string 0.8 m long. The 
string will break when the tension in it is 100 N. How fast can I whirl the stone 
around my head before it breaks the string and flies off? Express your answer 
as an angular speed in revolutions per second. 


SAQ31 What centripetal force is required to keep a satellite of mass M in an 
orbit at a distance r from the centre of the Earth, such that it takes time T to 
complete one orbit? Express the result as an equation in M, r and T. 


SAQ32 An attractive force between two objects, A and B, has magnitude 
C/r?, where r is the displacement of B from A. Use the unit vector notation 
to write down a vector equation for the force F acting on object B. How would 
this equation change if the force was repulsive? 


Rotational and translational motion compared 


To round out our discussion of rotational motion, Table 1 compares corresponding 
concepts for translational and rotational motion. For simplicity, we restrict it to 
motion in the x direction. You will see that most pairs of corresponding concepts 
have different units. The exception is the two forms of kinetic energy. These really are 
two forms of the same thing, and both are measured in joules. 


Table 1 А comparison of translational and rotational motion. 


Translational motion Rotational motion 
displacement sx (m) angular displacement 0 (radians) 
velocity ds,/dt (ms ') angular speed w = d6/dt (rad s^!) 
for uniform translational motion for uniform rotational motion 

S, = Sor Ut 0 = 0s + ot 
(so is displacement at t — 0) (00 is angular displacement at г = 0) 
mass m (kg) moment of inertia I (kg m?) 
translational kinetic energy rotational kinetic energy 
im (J) io? (J) 
Tailpiece 


This is not a Unit that is easy to summarize, and in any case, a summary would only do 
in a vague way what is done much more precisely by the list of Unit Objectives. From 
that list, you will gather that the real objectives of the Unit relate as much to knowing 
how as they do to knowing what. For example, you must know how to apply con- 
servation of momentum as well as simply being able to state this law in words. Know- 
ing how needs practice, and that is why we have given you a lot of SAQs in this Unit. 
Even so, the ideas that you have just met will probably take more time to become 
totally familiar than is available for studying this Unit. However, as you see mechanics 
applied to other problems, the concepts and procedures will begin to become second 
nature. The later Units contain many applications ofthe ideas you have been studying, 
and you will continue to be learning mechanics (at least in the sense of learning to use 
it) in Units whose overt objectives involve explaining all manner of physical pheno- 
mena. 


Of the many new concepts you have met in this Unit, perhaps the hardest concept to 
pin down is that of energy. If you are concerned that you could not give a simple, 
plain, definition of ‘energy’, you are not alone. My suggestion to you is that you con- 
centrate on particular forms of energy, on knowing how to calculate kinetic energy, 
and the various forms of potential energy. You can then think of ‘energy’ as that which 
remains constant in total when these particular energies change from one form to 
another. Indeed, it is the fact that energy is conserved that makes it so important. 
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It is not an accident that Newton's mechanics was in many ways the historical begin- 
ning of modern physics— other fields of physical research could not go very far with- 
out it. Likewise, it is not for nothing that we have mechanics at the beginning of this 
Course. How, for example, could gravity and electromagnetism be discussed, except 
in vague terms, without a precise concept of force? Thus in the next Unit, as we take а 
closer look at the forces that masses exert on each other (gravitational forces), and in 
Unit 6 as we study the forces that electric charges exert on each other (electrostatic 
forces), we will be building on concepts of mechanics developed in this Unit. 


Objectives 


After you have studied this Unit, you should be able to 


1 State Newton'sthree laws in vectorial form, and use them to solve simple problems 
(SAQs 1-4). 


2 Explain what is meant by inertia, mass and force, and explain the difference 
between mass and weight. 


3 Calculate the weight of an object, which has mass m, near the surface of the Earth 
(SAQs 3, 4). 


4 Add vectors (such as forces, velocities, or momenta), and split vectors into 
components (SAQs 2, 5, 6). 


5 Recall that momentum is the product of mass and velocity (p — mv), and use this 
definition to solve simple problems (SAQs 5, 6, 8, 19, 24, 25). 


6 State Newton's second law in terms of rate of change of momentum, and use it to 
solve problems (SAQ 7). 


7 State the law of conservation of momentum, explain how it arises from Newton's 
second and third laws, and apply it in simple situations (SAQs 8, 9, 19, 24, 25). 


8 Recall that the energy transferred (or the work done) by a constant force F to an 
object that moves through displacement s is AE = F · s and use this relationship to 
calculate energy changes (SAQs 10, 12, 13, 17, IT Qs 4, 5). 


9 Recallthat the scalar product (or dot product) of two vectors a and b, inclined at 
an angle 0 to each other, is a * b = ab cos 0, and make use of the scalar product in 
simple problems (SAQs 16, 17, IT Qs 6, 18). 


10 Recall that kinetic energy E,;, = 3mv?, gravitational potential energy E,,,, = 
1 


mgh, and strain potential energy E4, = Jks?, and use these equations to solve problems 
(SAQs 10, 11, 13, 17, 19, 20). 


11 Recall the law of conservation of energy, and use it to solve problems involving 
energy conversions (IT Qs 5, 9, SAQ 17). 


12 State the difference between elastic and inelastic collisions in terms of momentum 
conservation and energy conservation (SAQs 11, 19). 


13 Usethe laws of conservation ofenergy and momentum to solve collision problems 
(SAQs 11, 19, 25. 26). 


14 Recall that friction, and other dissipative effects, lead to an increase of internal 
energy (heat), which is manifested by an increase in temperature (SAQs 14, 15). 


15 Recall that the energy transferred by a varying force is equal to the area under the 
force-distance graph; and use this relation to calculate the energy transferred in 
simple situations (SAQ 23). 


16 State Hooke's law, and apply it to simple problems (SAQs 21, 22). 


17 Recall that power P is the rate at which energy is transferred, that P = F - v, and 
use this result in simple problems (SAQ 24). 


18 Recall the definitions of the newton, joule and watt. 
19 Recall the significance for dynamics of the centre of mass of an object (SAQ 27). 


20 Calculate the acceleration of the centre of mass of an object, given its mass and 
the total external force acting on it, and state whether a given external force would 
make an object rotate about its centre of mass (SAQ 28). 
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21 Apply symmetry arguments to find the centre of mass of simple symmetrical 


objects (SAQ 28). 


22 Recallthe relationships between rotational kinetic energy and moment of inertia 
(Е, = 2102), and between moment of inertia and mass distribution (J = У (m;r7)), 
and use these relationships to solve simple problems (ITQ 10, SAQ 29). ' 


23 Recallthat the total kinetic energy of an object is the sum of its translational and 


rotational kinetic energies (ITQ 9). 


24 Calculate the moments of inertia of cylinders and spheres, given the appropriate 


formulae (IT Qs 11, 12, SAQ 29). 


25 Give an account of the physical principles involved in the design of flywheels 


built for energy storage for vehicle propulsion (T V3). 


26 Recall the equation for the centripetal force: 


and use it to solve problems (SAQs 30, 31). 


27 Interpret and use the unit vector notation (SAQ 32). 


ITQ answers and comments 


ITQ 1 (a) We make use of equation 15, 4mv2 — imu? = F,s,, 
with и, = 0. Then 1 x 5 kg x v2 = 40 N x 1 m, and hence v, = 
4ms:'!. This is the final speed of the pram. 

(b) We use the same argument as in (a), but with m = 10 kg. This 
leads to 1 х 10kg x v2 = 40 N x 1 m, and hence v, = 28 m 5. 


(c) In this case, we again use equation 15, but with u, = 2ms' !. 


Thus ix5xwd-—ix5x2'-40xl 


2.502 = 40 + 10 = 50 


v,—45ms ! 


(d) In each case, AGmv2) = F,s, = 40 N m. 


ITQ2 Conservation of kinetic energy means that the total kinetic 
energy before a collision equals the total kinetic energy after a col- 
lision. Remembering that kinetic energy is 4mv’, this equation 
becomes 


l1x2kgx(Ams !)?-«4ix2kgx(0ms !? 
5 =4 x 2kg x vi +4 x 2kg x v$ 


Cancelling 4 х 2 kg throughout, we obtain vå + vg = 16 m^s ?, 


and this is the equation that expresses conservation of kinetic energy 
in this problem. 


ITQ3 IfF and sare parallel and in the same direction, then 0 = 0°; 
cos 0° = 1, and so the energy transferred AE,;, = Fs cos 0 = Fs, 
which is the product of the magnitudes of F and s. 


If F and s are in opposite directions, then Ө = 180°; cos 180° = —1, 
and so AE,;, = Fs cos 0 = — Fs, which is negative. These are the 
same results as we obtained earlier. 


If F and s are perpendicular vectors, then the angle 0 between them 
is 90°; cos 0 = cos 90° = 0, and so AE,,, = Fs cos 0 = 0 as was the 
case for the puck on the ice. 


ITQ4 The magnitude of the force of gravity on the skier is mg = 
60 x 9.8 N = 588 N and the force acts vertically downward. 


The displacement vector s has a vertical component of — 100 m and 
horizontal component of 200 m, as shown in Figure 52. Instead of 
determining 0, the angle between s and the (vertical) force, you 
should realize that this is a case where s cos 015 given in the problem. 
The component, s cos б, of the displacement in the direction of the 
force, is just 100 m vertically downward. Hence, the enrgy trans- 
ferred by gravity is 
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AE = Fscos Ө = F(scos Ө) = 588N x 100m — 59 x 10* J 


ssin 0 — 200m 


Figure 52 The force vector due to gravity is indicated twice on 
this figure. Once at the top of the slope where its angle to the 
displacement vector s is apparent, and again at the instantaneous 
position of the skier. The vector s which is shown represents the 
overall displacement of the skier as she comes to the end of the 
slope. We show inset the reaction force of the snow. 


There is, in fact, another force acting, the reaction of the snow on the 
skies, without which the skier would fall vertically downward! This 
force does not transfer any kinetic energy to her. The reason is that 
for any small displacement As, such as that shown inset in Figure 52, 
the reaction force Ёк is perpendicular to As (i.e. 0 = 90° so cos 0 = 0). 
We know that Fg is perpendicular to As since if it had a component in 
the direction of her motion, then it would be a frictional force tending 
to slow her down. But we stated in the question that frictional forces 
were to be ignored. 


The kinetic energy of the skier at the end of the ski jump is just 
5.9 x 10* J, theenergy transferred to her by gravity. To calculate her 
speed, you must use the expression for kinetic energy Epin = 3mv?, 
where vis the magnitude ofthe velocity. Thus 


159 x0 
== =? 


5.9 x 10* = 1 x 607? 
30 


and therefore р 


which means that her speed at the end of the ski-jump ramp is 
44 m s^ !. Of course, there would be friction and air resistance on a 
real ski-jump ramp, and these would reduce the speed from the value 
calculated here. 


ITQ 5 First, identify the force acting. It is due to gravity, has 
magnitude mg — 20 x 9.8 N — 196 N, and is directed vertically 
downwards. 


(a) The energy transferred by gravity is given by the magnitude of 
the force multiplied by the component of the displacement s in the 
direction of the force (which is the downward vertical). When the 
shell reaches a height h, this component is —h, so the energy trans- 
ferred to the shell is AE = —(196 №) x А, i.e. the shell's kinetic 
energy is reduced by (196 N) x Л. 


(b) The total energy transfer is obviously the same as in (a), 
AE — —(196 N) x h, since the component of the displacement in 
the direction of the force is the same as before. As the shell moved 
between these two points, it lost more kinetic energy, and then, 
as it passed the highest point, it regained some. In this problem, each 
height h is associated with a particular overall transfer of kinetic 
energy, whether the shell is ascending or descending. 


(c) When the shell reaches the ground again, the overall transfer 
of energy since it left the cannon is zero. The above formula, 
AE xin = —196N х h, gives AE, = Oforh = 0. The kinetic energy 
the shell lost on the way up is regained on the way down. 


ITQ6 (a) Ifa and b are at right angles, Ө = 90°, so 

a:b = ab cos 90° = 0 
You should remember this: the scalar product of any two vectors at 
right angles is zero. 


(b) Ifa and b are in opposite directions, 0 = 180°, so 


a'b = ab cos 180° = —ab since cos 180° = — 1 


Thus if F and s are in opposite directions, F- s = — Fs, a negative 
number. This correspondsto a negative amount of energy transferred 
to an object when it is slowed down. 


(c) a-a = а? cos 0° = а? 

The scalar product of a vector with itself is just the square of the 
magnitude of the vector. Thus v- v = v^, and E, = im? = tmv- v. 
(d) From part (с), p: p = p? = mv? so (p: p)/2m = imv?, which 


is the kinetic energy. 


(e) F-s—20Nx2m x соѕ 30° = 40 x 0.866 J = 346 J 


ITQ7 (a) Initially, Ekin = im? = 1 х 10 x (20023 = 2 x 
10? J. 

(b) We make use of the constant acceleration equation, v? = 
u + 2a,5,, with the positive y direction vertically upwards, so that 
a, = —9.8ms ?. We know и, = 200 ms^!, and we want to deter- 
mine s, for which v, = 0, i.e. the height at which the ball comes to 
rest. Thus 


0 = 200? + 2(—9.8)s, 


200? 
Hence Ss, = 55 
х 9. 


m = 2.0 х 10? m. 


So the cannonball rises to a height of 2 km. 

(c) The energy transferred to the rising cannonball is found by 
using the equation AE = F · s. We know that F is (9.8 x 10) N ver- 
tically downwards, and s is 2.0 x 103m vertically upwards. 


Hence ЛЕ = —98 x 10 x 20 x 10? J = —2 x 105 J. 


That is, the energy transferred is just minus the kinetic energy it had 
to start with. This is what we expect, since the highest point is just 
the point at which the kinetic energy Е, ,„ of the cannonball is zero. 


(d) As the ball falls, F-s = +2 x 105 J, since F and s are in the 
same direction. 


(e) This means that the kinetic energy of the ball as it reaches the 
ground is exactly the same as when it was fired. 


ІТО 8 Ifan object of mass m is to move without acceleration, the 
net force on it must be zero. Since gravity imposes a downward 
force F,,., = mg, the applied force must be —mg. You know that 
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F · s always represents the energy transferred by a force F acting over 
displacement s. Hence if the displacement has magnitude s = h, then 
since s and the upward force —mg are in the same direction, the 
energy transferred to the object is F*s — mgh. Since the kinetic 
energy is constant, this must represent the increase in gravitational 
potential energy when an object of mass m is raised through height 
h, i.e. 
Еау = mgh 


ITQ9 (а) Thetotalenergy ofeach cylinder remained constant as 
it rolled down the slope, but gravitational energy was converted to 
kinetic energy. Since both cylinders have the same mass, they both 
lost the same amount of gravitational energy. This means that they 
both gained the same total kinetic energy. This total kinetic energy 
was the sum of the translational kinetic energy of the centre of mass 
and the rotational kinetic energy. 


(b) The translational kinetic energy is 3MV?, where V is the speed 
of the centre of mass. Obviously the cylinder that reached the 
bottom first must have had the greater speed, and it must therefore 
have had the greater translational kinetic energy. 


(c) Since both cylinders had the same total kinetic energy, and the 
cylinder that reached the bottom first had a greater translational 
kinetic energy, it follows that the slower moving cylinder must have 
had the greater rotational kinetic energy when it reached the bottom 
of the slope. But if this cylinder was moving more slowly it must also 
have been rotating more slowly (assuming that it rolled, and did not 
slide). So we have a surprising result: the cylinder that was rotating 
more slowly had the greater rotational kinetic energy! 


ITQ 10 For each axis we evaluate the moment of inertia using 
equation 44, I = У (miri). 

(a) I= 1kg x (1 т)? + 1kg x (1m? 22kgm? 

(D 1=1х 2?4+1x 0? =4kg m? 

(c) I =0,since г = О for both masses 

(d [=1 x 2? + 1 x 47 = 20kg m? 

These calculations indicate how strongly the moment of inertia 


depends on the axis about which it is specified. 


For a given angular speed о), the rotational kinetic energy (Ко = 
31’) will be greatest when the moment of inertia has the greatest 
value, i.e. for the axis described in (d). Since one revolution per 
second is equal to 2x radians per second, we have 


Еш = Mo? = 4 x 20 x Qn) J = 39 x 10? J. 
rot 


ITQ 11 
I (hollow cylinder) = J (solid cylinder, R = 5 ст, І = 10 cm) 
— I (solid cylinder К = 4 cm, І = 10 cm) 


The moment of inertia of a solid cylinder is 4M R?, and the mass of a 
cylinder is the product of its volume (xR?I) and its density p, i.e. 
M = nR?lp. Thus 


I = 3MR? = 1Кр, 
and 
I (hollow) = $n(R3 — R$)lp 
= 31(0.05* — 0.04*) x 0.1 x 7.9 x 10? kg m? 
= 4.6 x 107°? kg m? 
ITQ 12 The mass of the cylinder is the same as the mass of the 
hollow cylinder described in ITQ 11, and this is 
M = пК31р — пК21р = n(0.05? — 0.042) x 0.1 x 79 x 10? kg 
—22kg 
The moment of inertia of this solid cylinder is 4M R?, so 
I =} x 22 х 005? = 28 x 10^? kg m? 


Note that this is substantially smaller than the moment of inertia 
calculated in ITQ 11 for the hollow cylinder. 
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SAQ answers and comments 


ЅАО 1 9000 newtons due south—remember, direction is required 
to specify a vector as well as magnitude. The acceleration must have 
magnitude 

Av 30ms'! = 

a= = = ——— =3ms * 

At 10s 
and must be directed due south. The force needed to produce this 
acceleration is calculated from Newton’s second law: 


Е = ma = 3 000 kg x 3 тѕ ? due south = 9 000 N due south. 


When writing down your answer, you should have used curly lines 
to denote vector quantities, that is 


F = ma = 9000 N due south. 


It is particularly important that you always use this notation to 
distinguish between vectors and scalars when answering TMA 
questions. 


SAQ 2 You must first determine the total force by adding the 
individual forces using the triangle rule. Since the two forces are at 


N 
E 


Figure 53 
The forces for SAQ 2. 


. eed 


right angles (see Figure 53), the magnitude of the total force is (by 
Pythagoras's theorem): 


Е = ,/(300 №)? + (400 NP = 500 N 


From Newton’s second law: 


m  10*kg 
The hovercraft travels in the direction of the total force, and this is 
defined by 0 degrees north of west (as in Figure 53), where 0 — 
tan ' (4/3) = 53.1 degrees. The distance travelled is found using the 
constant acceleration equation: s = ut + 4at. Substituting и = 0 
t=Ss,a=0.05ms ?, we get 


> 


s=0+4 x 0.05 х 52 т = 0.63 т. 


The hovercraft is clearly underpowered! 


SAQ 3 (a) The weight of the helicopter is given by weight = 
mg = 10* kg x 9.8 тѕ > downwards = 9.8 х 10* N downwards. 


Since we defined weight (pedantically?) as the gravitational force 
rather than the magnitude of this force, you should specify its direc- 
tion, i.e. downwards. Also, note carefully that weights are expressed 
in newtons, and not in kilograms. Though you might say colloquially 
‘my weight is 60 kg’, as a physicist you should say ‘my weight is 
590 N, downwards’. 

(b) If the helicopter hovers at constant height, its acceleration is 
zero, and therefore the total force must be zero (Newton’s first law). 
The rotor must provide an upward force that is exactly equal in 
magnitude to the downward force due to gravity. The gravitational 
force is the weight of the helicopter, i.e. 9.8 x 10+ N downwards, 
and so the rotor must provide an upward force of 9.8 x 10* N. 
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SAQ 4 The magnitude of the total force acting on the rocket is 
calculated from Newton's second law: 


Е = та = 10* kg x 20ms ? —2 x 105 N, 


and this force must be in the direction of the acceleration, i.e. up- 
wards. But since gravity exerts a downwards force of 9.8 x 10^ N, the 
rocket must provide an upward force of 2.98 x 10° N. 


When the rocket was standing on the launching pad, the latter was 
exerting an upward force equal in magnitude to the weight of the 
rocket, i.e. 9.8 x 10* N. 


SAQS (a) From the definition of momentum, 
p=mv=5 kg x 20 m + north-east = 100 kg m s^! north-east 


as shown in Figure 54. Note that multiplying the velocity vector by 
the mass, which is a scalar, gives a vector in the same direction as the 
velocity. I hope that you remembered to specify the direction of the 
momentum: as with all vector quantities, the complete specification 
requires both magnitude and direction. 


NW N NE 


= 70.7kgms !—4 
Ф) 
Figure 54 (ѕее SAQ 5). 


(b) Thecomponentsin the easterly direction p, and in the northerly 
direction py are 

Pg = 100 kg ms"! x cos 45° = 707 kg m s~! 

рм = lO0kgms ! x sin 45° = 70.7 kgms^! 


(c) Ifthe body was moving north-west at the same speed, then py 
would have the same value, but рь would be — 70.7 kg m s^ ', i.e. in 
the opposite direction. But how does this come out of the mathe- 
matics? Well, since the components we want are pg and py, the angle 
must be measured from the easterly direction, and it is therefore 
135°, as shown in Figure 54. Hence 


Pg = 100 kg ms! x cos 135° = —70.7 kg m s~! 
100 kg ms^! x sin 135° = 707 kg m s`! 


DN 


SAQ6 The total momentum is 5 kg m s^! at an angle of 53.1? to 
the negative x direction. 


hy 


*— —3kgms^!—— x 


Figure 55 (see SAQ 6). 


The x component of momentum is initially —3 kg m s` +, and this 
will be unaffected by the force in the y direction. The final momentum 
is the vector sum of 3 kg m s~! in the negative x direction and 4 kg 
m 5! in the positive y direction, as shown in Figure 55. Since the 
two components of momentum are at right angles, we can use 
Pythagoras's theorem to calculate the magnitude of the resultant: 


р = (3? + 4°)? kg ms™! = 5kg m s™! 
The direction 0 is given by 0 = tan~! (4/3) = 53.1°. 


SAQ7 (a) 10fkgms`! 
Since the force is constant, the change in momentum Ap = the rate 
of change of momentum x time interval = force x time interval. 


Hence, the change in momentum = Ap = 10? N x 10s = 
10* kg ms !. 


We have glossed over the vector nature of force here; this is usually 
safe in a question like this, where force and motion are in one direc- 
tion. 


(b) Since the mass of the space vehicle doesn't enter into the cal- 
culation, the change in momentum would be exactly the same for a 
3 000 kg mass. The more massive space vehicle would end up 
travelling more slowly though. 


(c) Ifthe space vehicle is already moving when the force is applied, 
then the final momentum will be a vector sum of the initial momen- 
tum and the change in momentum Ap. This time we must use vector 
notation, but the magnitude Ap still has the value calculated in (a). 
The vector Ap is independent of whatever motion the space vehicle 
originally had, but it must be added vectorially to the initial 
momentum. 


SAQ8 2ms''in the opposite direction to the bullet. We solve 
this problem by applying the law of conservation of momentum to 
the notionally isolated system of rifle plus bullet. The initial momen- 
tum in the direction of the barrel (the x direction, say) is zero. After 
firing, the momentum of the bullet is 0.01 kg х 600ms^! = 
6 kg m s~ '. If we call the velocity component of the rifle v,, then the 
momentum of the rifle after firing is 3kg x v,. The momentum 
before firing — the momentum after firing, and so 


0—6kgms ! -3kg x р, 


—6 Кр! 
Ux 2ms 
3kg 


=f 


The minus sign simply indicates that the rifle moves in the opposite 
direction to the bullet. 


ЅАО 9 The ball is not an isolated system when it strikes the wall. 
Since the wall is anchored to the Earth, the isolated system must be 
the ball plus the wall anchored to the Earth, and it is the momentum 
ofthis system that is conserved. The change in momentum ofthe ball 
is equal in magnitude but opposite in direction to the change in 
momentum of the wall anchored to the Earth. However, since the 
Earth is so massive, you will not observe any recoil of the wall as the 
ball hits it. The Earth requires only a minute velocity to have a very 
large momentum. 


SAQ 10 The kinetic energy of the beetle or car is just imv. 
Beetle: mr? = 1 x 10 ?kg x (0.02ms~')? = 2 x 1077J 


Car: 


Nie 


50 000 
? =4 x 1000k —— 
mv $x ex (28 m 


2 

2) = 9.6 x 10* J 
SAQ 11 I will call the body that was initially moving A, and the 
one initially at rest B. We can omit the subscript specifying direc- 
tion since all motion is along the same line. A suitable notation is: 
initial velocity of body A, u4; initial velocity of body B, 0; final 
velocity (to be determined) of body А, v,; final velocity (to be 
determined) of body B, vg; and mass of each body, m. 


Momentum conservation tells us that mu, = mv, + mvg OT ИА = 
UA + vg. Kinetic energy conservation (the collision is elastic) tells us 
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that àmua = 4mvq + dmvj or ид = và + vg. Squaring the momen- 
tum conservation equation, we get 
UA = (Va + Ug)? = và + 2v, Ug + 02. 

It is clear that, as in the text, v4 vg = 0. One solution is that va = 0. 
Because the momentum equation above tells us that u4 = Da + Up, 
the solution v4 = 0 means that vg = и. This is what we wanted to 
show. (The solution vg = 0 means that v4 = ил, and this combina- 
tion is impossible for the reason mentioned in the text—it represents 
the incident body passing through the target body with unchanged 
velocity.) The two bodies have therefore interchanged their velocities. 


SAQ 12 If the slope is 30° to the horizontal, it makes an angle of 
60° to the vertical (see Figure 56). Hence, since F = 100 x 9.8 = 
980 N, and s = 1 km, 


ДЕ. = Fs cos 0 = 980 x 1 000 x cos 60° J 
= 980 x 1000 x 05J = 49 x 10°J 


Fg 


[rome 


Figure 56 (see SAQ 12). 


The reaction force of the snow, Fg, must be perpendicular to s. If 
there was a component parallel to the displacement s, it would 
constitute a frictional force, and we explicitly excluded friction 
from the problem. The reaction force of the snow therefore con- 
tributes nothing to the energy transfer. It merely prevents the man 
from falling vertically, in the direction of F! 


The gain in kinetic energy is independent of the initial speed of the 
skier. Remember, AE,;, = Fs cos Ө and this does not depend on the 
initial speed. 


ЅАО 13 From Unit 2, the bomb falls on a parabolic trajectory. The 
horizontal component of velocity is constant, but the vertical 
component increases in the downward direction with acceleration 
g = 9.8 ms 2. The total kinetic energy of the bomb as it strikes the 
ground is the initial kinetic energy plus that transferred to it by 
gravity. The initial kinetic energy is 4mv? = 1 x 100 x 250? J = 
3.1 x 106 J. The energy transferred as it falls is 


F x (s cos Ө) = (magnitude of force) 
X (component of displacement in direction of force) 
— (9.8 x 100 N) x (distance fallen) 


= 980 N x 1000 m = 98 x 105 J. 


So as it falls, the bomb gains kinetic energy of 9.8 x 10? J. Hence, 
the total kinetic energy as it reaches the ground is 


(9.8 x 105 + 3.1 x 10 J = 41 x 105 J 


A real bomb would impart a considerable fraction of this energy to 
the air as it falls due to air resistance, so its kinetic energy as it 
reached the ground would be less than this. The subject of air 
resistance is taken up later. 


SAQ14 (a) When your hand is face on to the direction of motion, 
you set a larger volume of water in motion for a given displacement. 
A greater continuous supply of energy is needed, since you are 
transferring more kinetic energy to the water. 


(b) Although the air is very thin above 150km (the height of the 
early satellites), the density still varies rapidly with height. The 
more dense the air, the more energy is transferred to it as the satellite 
passes through it. (А somewhat paradoxical fact was discovered by 
Maxwell but cannot be gone into here in detail. It is that for relatively 
slow motion and moderate gas density, the resistance to motion is 
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independent of density. However, at the low gas density and high 
speeds relevant to satellite motion, increasing gas density has the 
effect you would expect.) 


(c) High temperatures result when large amounts of kinetic energy 
are dissipated as heat energy (‘internal energy’) faster than the 
heat can be carried away. You can think of the process as a series of 
highly inelastic collisions between air molecules and the satellite. 


SAQ15 (a) In the text, we explained that both the volume of air 
moved in a given time and the speed given to the air increase with the 
speed of the vehicle moving through it. This implies that the rate at 
which energy is dissipated increases very rapidly with speed, so a 
small reduction in speed can result in a significant saving of fuel. 


(b) Thereason that ships travelled slower is exactly the same as for 
cars. 


SAQ 16 

ForF,: F,:s— 10N x 10m x cos 30° = 86.6 J 
For F,: F,:s—5N x 10m x cos 100° = —8.68 J 
For Ез: F,:s—2N x 10m x cos 200° = — 18.8 J 


For Fy: Е, ‘5 = 4М№ x 10m x cos 280° = 6.95 J 
=4N x 10m x cos (360° — 280°) = 40 cos 80° = 6.95 J 


This last example shows that it doesn’t matter in which direction the 
angle 0 is measured. 


SAQ17 The energy I supply is AE = F -s = 250 N x 30m x 
cos 0° = 7 500 J. 


The increase in kinetic energy is AF,;, = 4 х 1000 x 3*J = 
4500 J. 


Since energy must be conserved, the difference between these, i.e. 
3 000 J, represents the energy dissipated as heat. 


SAQ 18 (a) If we call the direction of the axis of the space 
vehicle the x axis, then the total force in the x direction is 
2 x 1000 x cos 20°N = 1.88 x 10? N. 


The total force in the perpendicular direction (you could call it the 
y direction) is 

Е, sin 20° — Е, sin 20° = 1000 (sin 20° — sin 20°) = 0. 
The resultant force is therefore 1.88 x 10? N along the axis of the 
space vehicle. 


(b) The acceleration is in the x direction with magnitude 


F 1.88 x 10°N 
a=— = e: 37.6ms 7 
m 50 kg 


(c) The final velocity will be in the x direction, so the final speed vis 
given by v = и + at = (0 + 37.6 x 20)ms_'=752ms '. 

(d) Epin = dmv? = 1 x 50 х 752? = 14.1 MJ 

(e) s =4at? =4 x 37.6 х 20? = 7 520 m 

(f) Е-5 = Fs cos 0° = 1 880 N x 7 520 т = 14.1 MJ, which is 
the same result as obtained in (d). F here is Ё, + F;, which we have 
shown to be in the x direction. 


SAQ 19 The minimum energy required is just 
Ех = Mgh = 80 x 9.8 x 885 x 10° J = 6.94 x 10° J 


In practice, a lot more energy would be required, since a climber’s 
muscles and man-made machines dissipate much energy while 
performing useful work. Probably the best way of minimizing the 
energy required would be to shoot the man from a cannon, but even 
here air resistance would take its toll. This method also has other 
drawbacks! 


SAQ20 Increase in potential energy of the block = Mgl(1 — cos 0) 
= 10 x 9.8 x 2(1 — 0.978) J = 4.3 J. 


Hence kinetic energy of block as it began to recoil = 4.3 J = 
4Mv3, where vz is the recoil velocity of block and M is the mass of 


the block (10 kg). Thus 
4x 10kg x v = 437 
ть = \/0.86 m s1-—093ms'! 


By momentum conservation, with m the mass of the bullet, and v the 
speed of the bullet 


mv — Mvg 


м 10 
аа ЕЕ. 


) х 0.93 т57! = 103 x 10° ms! 


Actually, this is rather fast for a rifle bullet. You would, of course, 
have got the same answer if you had used equation 32 directly, but we 
expect you to remember the principles embodied in the answer 
given above, rather than the result itself. 


SAQ21 When stretched 20 cm, the strain potential energy stored 
in the spring is Ey, = Jks? = 0.5 x 200 x (0.2)? J = 47. If all of 
this stored energy is converted into kinetic energy of the projectile, 
then Ej, = im? = Ear = 4 J. 


Since m = 5 x 107° kg, 


EAS 
~ 0.005 kg 


v 


= 1600 2572, sov = 40 ms! 
If the projectile is fired vertically upwards, then the strain potentialis 
eventually converted to gravitational potential energy. 

Ey = mgh = Es 


Ea: 4J 
h = — 82 m 
mg 0.005 kg x 9.8 m s~? 


This assumes that, at the highest point, all the strain potential 
energy, which was converted to kinetic energy, becomes gravita- 
tional potential energy. 


SAQ 22 The energy stored when the extension is 15 cm is Ёш = 
lks? = 0.5 x 200 x (0.15)? J = 2.25 J. Whentheextensionis20 cm, 
the energy stored is E,,, = 0.5 x 200 x 02? J = 4.0 J. 


So to stretch the spring by 5cm from 15cm to 20cm requires 
(4 — 2.25) J = 1.75 J. The energy stored when the extension is 
25cm is Ey, = 0.5 х 200 x 0.252 J = 6.25 J. So to stretch the 
spring by 5 cm from 20 cm to 25 cm requires (6.25 — 4) J = 225; 


As you probably anticipated, more energy is needed to stretch the 
spring from 20 cm to 25 cm extension than to stretch it from 15 cm 
to 20 cm extension. 


SAQ23 You should have drawn a curve rather like the one shown 
in Figure 57. Smax represents the displacement, never attainable, at 


Figure 57 (see SAQ 23). 


which the air would occupy zero volume and which would require 
an infinite compressional force. It is clear from the shaded areas that 
much less energy is required to increase the displacement by As 
starting from displacement s; than to increase the displacement by 
the same amount starting from displacement s; . 


SAQ 24 Power, P = F -v = Fv cos 0 = 300 x 2 x cos 30° W = 
520 W, or 322 = 0.7 horsepower. 


ЅАО 25 The large spacing of the images of the barely deflected ball 
means that it is going much faster than the ‘target’ ball, which is 
tapped sideways. In the terms of Frame 3, 0 is small but ф is large. 
The conservation law that explains this is that for the y component 
of momentum. The upward momentum of one ball must be equal to 
the downward momentum of the other. The appropriate equation is 


mv, Sin Ө = mvg sin ф 


In the case we are considering, v, is large and sin 0 is small, and Ug iS 
small and sin ф is large. 


SAQ26 Therequired equations may be written using the quantities 
v4, Ug and ¢ defined previously. 


For the x component of momentum: 


0.8 x 2 = 0.8 v4 cos 45 + 0.4 vg cos ф, 
Le. 1.6 = 0.566 v, + 0.4 vg cos ф. 


For the y component of momentum: 
0 = 0.8 v, sin 45 — 0.4 vg sin ф, i.e. 0 = 0.566 va — 0.4 vg sin ф 


For kinetic energy: 
x 08 x 22 = 5х 0.805 +4 x 041002, or 1.6 = 0402 + 0.202 


From these three equations, the final speed v4 of the incident puck 
and the velocity, defined by vy and ф, of the recoiling puck could be 
determined. 


SAQ27 Thecentre of mass will be located between the proton and 
the electron— much nearer the proton since it is about 2 000 times 
more massive. If the proton were fixed, the centre of mass of the 
atom would travel in a circular orbit around the proton (although 
at a much smaller radius than the electron's orbit). But you know 
from Unit 2 that circular motion is accelerated motion. However, 
there is no force on an isolated atom, and the centre of mass therefore 
cannot accelerate. In fact, the proton and the electron are actually 
in orbit about their mutual centre of mass, i.e. the centre of mass of 
the atom. Nevertheless, since the proton massis so much greater than 
the electron mass, it is a good first approximation to take the centre 
of mass at the centre of the proton, in which case the proton is 
stationary. However, when greater precision is required, the motion 
of theproton must be taken into account. 


SAQ 28 (a) Since the sheet of metal has uniform thickness and 
composition, the symmetry tells us that the centre of mass of the 
object must be at its geometrical centre—a point that lies half-way 
between opposite corners. 


(b) According to equation 37, the acceleration a of the centre of 
mass of an object is given by a — F/M, where F is the total external 
force acting on the object, and M is the mass of the object. Since all 
four forces have the same magnitude (10 N), the magnitude of the 
acceleration of the centre of mass produced by each force will be the 
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same, and given by 
a = F/M = (10 №/(2 kg) = 5 m s~? 


Since the direction of the acceleration is the same as the direction of 
the force, F, and Fg will produce acceleration towards the right of 
Figure 41, and Fe and Fp will produce accelerations towards the 
top of the figure. 


(c) Forces F, and Ёс will cause rotation about the centre of mass 
(in addition to the acceleration of centre of mass described in (b)), 
since the line of action of these two forces does not pass through the 
centre of mass. 


SAQ 29 The moment of inertia of a sphere about an axis through 
its centre is 2M R?, so the rotational kinetic energy of a spinning 
sphere is 


Now о = 2m rads per day = 2n/(24 x 60 x 60) rad s^! 
=o) 2x 102 tad sa" 
So E, = 1 x (6.0 x 10?) x (638 x 10°)? x (7.3 x 1075)?J 
= 26-1022 I 

Ata rate of 100 W = 100 J s~ !, this would last 2.6 x 1027 s. This is 

very much longer than the age of the Universe, which is about 10! s. 

SAQ30  Theforce required to produce the centripetal acceleration 

of an object moving in a circle with angular speed c is 
Е = -mor (eq. 51) 


Thus Е = mo?r = 02kg x o? x 0.8 т = 0.16 02. The string 
breaks when this force is 100 N, i.e. when 


0.16 œ? = 100 
@ = (100/0.16)!? = 25 rad s^! 


Since 1 геу = 2л rad, this angular speed is 25/2m rev s`! = 


4.0 revs !. 


SAQ31 The magnitude of the centripetal force is F = Mar. But 
= 2n/T, and so the magnitude of the centripetal force is 


2nV — 4r? Mr 
F=M r r: 
T T 
The direction is given by 
е 4л? Мғ 
Е = – ——. 


C-fr К Pi 
SAQ 32 Е=— = () The magnitude of () is one, so F = 
r F T 
C/r? as required. The direction of F is the same as the direction of 
— г, that is, in the opposite direction to r, which is a vector from 
Ato B. So F is directed from B to A, which is consistent with the force 

being attractive. 


A repulsive force would be in the opposite direction, i.e. in the r 
direction. Thus the sign in the equation for F would change; for a 
repulsive force, 
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